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PREFACE, 


THE present volume is intended to form a sound 
introduction to a study of the Integral Calculus, 
suitable for a student beginning the subject. Like its 
companion, the Differential Calculus for Beginners, 
it does not therefore aim at completeness, but rather 
at the omission of all portions of the subject which 
are usually regarded as best left for a later reading. 

It will be found, however, that the ordinary pro- 
cesses of integration are fully treated, as also the 
principal methods of Rectification and Quadrature, 
and the calculation of the volumes and_ surfaces 
of solids of revolution. Some indication is also 
afforded to the student of other useful applications 
of the Integral Calculus, such as the general method 
to be employed in obtaining the position of a 
Centroid, or the value of a Moment of Inertia. 

As it seems undesirable that the path of a student 
in Applied Mathematics should be blocked by a 
want of acquaintance with the methods of solving 
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elementary Differential Equations, and at the same 
time that his course should be stopped for a sys- 
tematic study of the subject in some complete 
and exhaustive treatise, a brief account has been 
added of the ordinary methods of solution of the 
more elementary forms occurring, leading up to and 
including all such kinds as the student is likely to 
meet with in his reading of Analytical Statics, 
Dynamics of a Particle, and the elementary parts of 
Rigid Dynamics. Up to the solution of the general 
Linear Differential Equation with Constant Coeffi- 
cients, the subject has been treated as fully as is 
consistent with the scope of the present work. 

The examples scattered throughout the text have 
been carefully made or selected to illustrate the 
articles which they immediately follow. A consider- 
able number of these examples should be worked 
by the student so that the several methods explained 
in the “book-work” may be firmly fixed in the 
mind before attacking the somewhat harder sets at 
the ends of the chapters. These are generally of a 
more miscellaneous character, and call for greater 
originality and ingenuity, though few present any 
considerable difficulty. A large proportion of these 
examples have been actually set in examinations, and 
the sources to which I am indebted for them are 


usually indicated. 
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My acknowledgments are due in some degree to 
the works of many of the modern writers on the 
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fessor Greenhill’s interesting Chapter on the Integral 
Caleulus, which the more advanced student may 
consult with great advantage. 

My thanks are due to several friends who have 
kindly sent me valuable suggestions with regard to 
the desirable scope and plan of the work. 
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INTEGRAL CALCULUS 


CHAPTER I. 
r 
NOTATION, SUMMATION, APPLICATIONS. 


1. Use and Aim of the Integral Calculus. 


The Integral Calculus is the outcome of -an en- 
deavour to obtain some general method of finding the 
area of the plane space bounded by given curved 
lines. 

In the problem of the determination of such an 
area it is necessary to suppose this space divided up 
into a very large number of very small elements. 
We then have to form some method of obtaining 
the limit of the sum of all these elements when 
each is ultimately infinitesimally small and _ their 
number infinitely increased. 

It will be found that when once such a method of 
summation is discovered, it may be applied to other 
problems such as the finding of the length of a curved 
line, the areas of surfaces of given shape and the 
volumes bounded by them, the determination of 
moments of inertia, the positions of Centroids, ete: 

B, I. C. A & 
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Throughout the book all coordinate axes will be 
supposed rectangular, all angles will be supposed 
measured in circular measure, and all logarithms 
supposed Napierian, except when otherwise stated. — 


2. Determination of an Area. Form of Series to 
be Summed. Notation. 


Suppose it is required to find the area of the portion 
of space bounded by a given curve AB, defined by 
its Cartesian equation, the ordinates AL and BM of 
A and B, and the w-axis. 


Let LM be divided into n equal small parts, LQ,, 
Q,%>, Q2Q3, ---, each of length h, and let a and b be 
the abscissae of A and B. Then b—a=nh. Also if 
y=9(x) be the equation of the curve, the ordinates 
LA, Q,P,, Q,P,, etc., through the several points L, 
Q,, Qo, ete., are of lengths g(a), d(a +h), d(a+ 2h), ete. 
Let their extremities be respectively A, P,, P,, ete., 
and complete the rectangles AQ,, P,Q), P,Q,, ete. 

Now the sum of these n rectangles falls short of 
the area sought by the sum of the small figures, 
AR,P,, PRP, ete. Let each of these be supposed 
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to slide parallel to the z-axis into a corresponding 
position upon the longest strip, say P,»-1Q,-1MB. 
Their sum is then less than the area of this strip, 
z.é. in the limit less than an infinitesimal of the first 
order, for the breadth Q,-1/M is h and is ultimately 
an infinitesimal of the first order, and the length 
MB is supposed finite. 

Hence the area required is the limit when h is 
zero (and therefore infinite) of the sum of the 
series of 1 terms 


hola)+ho(ath)+hd(at2h)+...+ho{at(n—1)h}. 
The sum may be denoted by 


at+rh=b-h a+rh=b- 


h 
S g(atrh).h or >) glatrh).h 
at+rh=a at+rh=a 


where S or > denotes the sum between the limits 


indicated. 
Regarding a+rh as a variable a, the infinitesimal 


increment h may be written as dx or da. It is 
customary also upon taking the limit to replace the 


symbol S by the more convenient sign j. and the 


limit of the above summation when h is diminished 
indefinitely is then written 


b 
| pda, 
and read as “the integral of ¢(#) with regard to « 
[or of ¢(x)dax] between the limits «=a and #=6,” 
or more shortly “from a to b.” 
b is called the “ upper” or “superior limit.” 
a is called the “lower” or “inferior limit.” 
The sum of the n+1 terms, 


hg(a) +hp(ath) +... thoiat(n— Dh} +h¢(at+nh), 


differs from the above series merely in the addition of 
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the term hdé(a+nh) or hd(b) which vanishes when 
the limit is taken. Hence the limit of this series 
may also be written 


| pode. 


3. Integration from the Definition. 


This summation may sometimes be effected by 
elementary means, as we now proceed to illustrate :— 


b 
Ex. 1. Calculate i dx. 


a 


Here we have to evaluate 


Ltp=oh[e* + etth 4 ett2h 4 tettn-t hs * ra , { 
where b=a+nh. i ear ee ce 
b 
This = Ltd se = Tt,a(e? — oe = =e —e*, 


[By Diff. Calc. for Beginners, Art. 1b) 


b r=—n—-1 
Ex. 2. To find | ada we have to find Lt > (a+rh)h, where 
ch r=0 


Now Latrh)h=ah.n+h?. sues) ) 


=a(b—a) + 0-2) = eat). 
and in the limit becomes 


alba) C= td.) ae ae 


b 
Ex. 3. To find | “ile we have to obtain the limit when / is 


indefinitely diminished of 
200 Sa us 
at (Goh eon ay 
a, 1 
Th E | 
atest CeaMPICEEN CEST cena ” 
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° ul il iL 1 1 1 
‘oxg >(< aaa)* agp-aea) te (5-san) 

Lt 1 

a b+h 

1 1 1 
d a 

ae leat aant team) 


1 1 1 1 if l 
A, | ee ae eS eee ae pet ge 
(4, r)+(2 aat)t +(4, :) 


mete 68 
a-h 6 
and when / diminishes without limit, each of these becomes 
r ae 
UY ao 
Z el 
Th Ly ee 
- a * ae (e: 


Ex. 4. Prove ab initio that 


b 
if sin « dx=cos a—cos b. 


We now are to find the limit of 
[sin a+sin(a+h)+sin(a+2h)+... to n terms]h, 


sin(a+ n- 15) sin nt 


2.€. of Sones = 25) cee where nh=b—a. 
sin ~ 
2 
A 

This expression = [ cos(a - ) - cos { a+ (2n = 1) KR, 

2 Seley 

sin— 

2 

h 


=| cos(a—4) - n(6-3) Ir 


which when A/ is indefinitely small ultimately takes the form 


cos a—cos 6. 


5 
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EXAMPLES. 


Prove by summation that 


b 
1. / e-*da=e-* —e-, 
2), i| Gia ada=ccsh b—cosh a. 


b Baas 
Ti . 
3. re 5 


rh ape 2(./b — Ja). 
5. [res 6d0=sin b—sin a. 


4, Integration of a”. 


As a further example we next propose to consider 
the limit of the sum of the series 


hLam + (a+hy@+ (a+ 2Qhy"+...+(at+n— Thy”, 
b—a 


N 


where h= 


and 7 is made indefinitely large, m-+1 not being zero. 


mr +1 m+1 
[Lemma.—The Limit of Vee is m+1 when & is 
hy” 
indefinitely diminished, whatever 7 may be, Devs it be of 
finite magnitude. 


For the expression may be written 
m+1 
(1+4) ay 
a 
and since h is to be ultimately. zero we may consider L to be 


less than unity, and we sy therefore apply the Binomial 


Theorem to expand (1 +3)" , Whatever be the value of m+1. 
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(See Diff. Cale. for Beginners, Art. 13.) Thus the expression 
becomes 
=f[ (m+ D+ COE 
us 


=m+1 ee x (a convergent series) 
y 


=m-+1 when 4/ is indefinitely diminished. | 
In the result 


m+1__7,m+1 
Sie y 


—=m+1 
hy™ ; 
me y successively =a, a+h, a+ 2h, ete....a+(n—Dh, 
and we get 
Lt (a +h)m+} — yr ag; (a+ PAD a Ss (a+hyr*t 
: ha™ bd h(a+h)™ 
(a+3hyrtt—(a+2h)r*? _ 
h(a+2h)™ 
at+nhy™tt—(atn—1hy"t 
h(a+n—1h)™ 


== Lt 


a. =e 


=m+1; 
or adding numerators for a new numerator and de- 
nominators for a new denominator, 
Lt (a+nhyrtt—qmtt 
hla™+(a+hy™+(a+2hy™+...+(a+n-1h)”] 
or 
Lt,-ohfa™ + (a+hy@+(a+2h)+...+(a+n—1h)” 
omtrl — qmtt 
Si 
In accordance with the notation of Art. 2, this 


may be written 
b, hmrl as qmtt 
| CO t— ay 
m+1 


=m+l, 


a 
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The letters a and b may represent any finite quantities what- 
ever, provided #” does not become infinite between #=a and 
C—O. 

When a is taken as exceedingly small and ultimately zero, it 
is necessary in the proof to suppose / an infinitesimal of higher 


order, for it has been assumed that in the limit h is zero for 
all the values given to y. Y 


When b=1 and a=0, ultimately the theorem be- 
comes 
1 Mel 1 
} Ce areal 


if m+1 be positive, 


or =o if m+1 be negative. 


This theorem may be written also 


a ip m ae eerie 1 a 
Uawan (=) HE eae ecrrees nal) creer 


according as m-+1 is positive or negative. The limit 


Pee CL Cy)) 


or, which is the same thing, 


Ta EO bn 


qintr 1 


differs from the former by = ze. by 0 in the limit, 


and is therefore also or o according as m-+1 is 


m+V 
positive or negative. The case when m+1=0 will 
be discussed later. 


Ex. 1. Find the area of the portion of the parabola y?=4ax 
bounded by the curve, the #-axis, and the ordinate v=c. 
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Let us divide the length ¢ into m equal portions of which 
NM is the (r+1)", and erect ordinates VP, MQ. Then if 


H 
Q 
rR 


A NM K 


Fig. 2. 


PR be drawn parallel to VJ, the area required is the limit 
when 7 is infinite of the sum of such rectangles as PM (Art. 2), 
r=(n-1) — 
i.e. Lt2PN.NM or Lt & N4a.rhh, 
r=0 
where nh=c. 
Now = Lthaof VA +N 2h 4+N38/h4...+0/(n— Dh]h 
1 4. 1 1 
BEG ya: +22 as Con Us De a 
n? 
=4e?, [By Art. 4.] 
w. Avea=3N/4a ¢? =3eN/4ac 


=2 of the rectangle of which the extreme ordinate and abscissa 
of the area are adjacent sides. 


Ex. 2. Find the mass of a rod whose density varies as the 
mth power of the distance from one end. 

Let a be the length of the rod, w its sectional area supposed 
uniform. Divide the rod into 2 elementary portions each of 


length % The volume of the (r+1)th element from the end 
nN ™m 
of zero density is Aes and its density varies from (2) to 
n 


i a2" Its mass is therefore intermediate between 


1 
yr r+1 m 
OC and. wart 1) ; 
ynt 1 mint 1 
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Thus the mass of the whole rod lies between 
mu l™+I2"4+3™4...4+(n—1)™ 


wa nintt 
m m mm ™m 
eran OS Bie cen Ae 
and OG oa ; 


and in the limit, when 7 increases indefinitely, becomes 


watt 
m+1 


5. Determination of a Volume of Revolution. 


Let it be required to find the volume formed by 
the revolution of a given curve AB about an axis 
in its own plane which it does not cut. 

Taking the axis of revolution as the a-axis, the 
figure may be described exactly as in Art. 2. The 


Hig. 3. 


elementary rectangles AQ,, P,Q,, P,Q,, etc., trace in 
their revolution circular dises of equal thickness, and 
of volumes 7A L?.LQ,, +P,Q,2. Q,Q,, ete. The several 
annular portions formed by the revolution of the 
portions AR,P,, P,R,P,, P,R,P,, etc., may be con- 
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sidered made to slide parallel to the z-axis into a 
corresponding position upon the disc of greatest radius, 
say that formed by the revolution of the figure 
Pn-1Q,-1.NB. Their sum is therefore less than this 
dise, z.e. in the limit less than an infinitesimal of the 
first order, for the breadth Q,- NV is h, and is ulti- 
mately an infinitesimal of the first order, and the 
length VB is supposed finite. 

Hence the volume required is the limit, when h is 
zero (and therefore 7 infinite), of the sum of the series 


T{Pa)Ph+ ri path) Pht a{pat2h)VPh+... 
+ r{p(a+n—1h)}h, 
or as it may be written 
x Lowe) Pde or af y?de. 


Ex. 1. The portion of the parabola y?=4av bounded by the 
line z=c revolves about the axis. Find the volume generated. 


P 


Fig. 4. 


Let the portion required be that formed by the revolution of 
the area APJ, bounded by the parabola and an ordinate PJ. 
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Then dividing as before into elementary circular laminae, we 
have 


Volume =7 “pede = dar / “a daa = dams [Art. 4.] 


0 “d 0 
=%rac’=frPN* AN 
=4 cylinder of radius PW and height AW. 


[Or if expressed as a series 


Volume = 4a (| ‘te da 
0 
eum Le (=) a (2) + 2) ee = = \ |e 
nL \n n n n 
2 
=A Carts g = zane? [Art. 4.] 


Ex. 2. Find the volume of the prolate spheroid formed by the 


ye) 
revolution of the ellipse tea) about the #-axis. 
# 2 


Fig. 5. 


Dividing as before into elementary circular laminae whose 
axes coincide with the z-axis, the volume is twice 


i| “ryde, 
0 
Now il mydz = | Oe — x*)dev 
0 ode 


which, according to Article 4, is equal to 


2 3__¢3 
at a. (a-0)-4 7 or crab? 


and the whole volume is 47rab? ; 
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[or if desirable we may obtain the same result without using 
the sign of integration, as 


fe 
n mn b2 a rap 

Seine. 1( a2. 2 g 
Pe — Rh 


Tie \ IS} 
=4rrab?]. 


thas gs 
=r? (<<) [By Art. 4.] 


EXAMPLES. 


1. Find the area bounded by the curve y=e*, the x-axis, and 
the ordinates z=a, x=b. 

2. If the area in Question 1 revolve round the z-axis find the 
volume of the solid formed. 

3. Find by the method of Art. 2, the area of the triangle 
formed by the line y= tan 0, the x-axis and the line v=a. 

Find also the volume of the cone formed when this triangle 
revolves about the x-axis. 

4, Find the volume of the reel-shaped solid formed by the 
revolution about the y-axis of that part of the parabola y?=4ax 
cut off by the latus-rectum. 

5. Find the volume of the sphere formed by the revolution of 
the circle v?+y?=a? about the x-axis. 

6. Find the areas of the figures bounded by each of the 
following curves, the z-axis, and the ordinate v=/; also the 
volume formed by the revolution of each area about the x-axis : 


(a) y=are. 
(8) yaaa. 
(y) arty =2". 
(8) @y=x23+ax?, 
7. Find the mass of a circular disc of which the density at 
each point varies as the distance from the centre. 
8. Find the mass of the prolate spheroid formed by the 
revolution of the ellipse v?/a?+y?/b?=1 about the z-axis, sup- 
posing the density at each point to be px. 
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GENERAL METHOD. STANDARD FORMS. 


6. Before proceeding further with applications of 
the Integral Calculus, we shall establish a general 
-theorem which will in many cases enable us to infer 
the result of the operation indicated by 


b 
| ade 
without having recourse to the usually tedious, and 
often difficult, process of Algebraic or Trigonometrical 
Summation. 


7. Prop. Let ¢(xv) be any function of « which is 
finite and continuous between given finite values a 
and b of the variable #; let a be <b, and suppose the 
difference b—a to be divided into 1 portions each 
equal h, so that b—a=nh. It is required to find the 
limit of the swm of the series 

Al p(a)t+ gath)+ oat 2h)+...+.p(b—-h)+ o(6)], 
when h is diminished indefinitely, and therefore n 
increased without limit. 

[It may at once be seen that this limit is finite, for if $(a+rh) 
be the greatest term the sum is 

<(n+1)hdh(a+rh), 
1.€. <(b—a)fp(at+rh)+hd(a+rh), 
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which is finite, since by hypothesis $(z) is finite for all values of 
x intermediate between 0 and a.] 


Let ¥(x) be another function of # such that (a) is 
its differential coefficient, 7.e. such that 


— g@)=¥@). 
We shall then prove that 


Lt, =oh| P(a)+ p(at+h)+o(at2h)+...+.6(b)] =W(b)-V(a). 
By definition (a)= Lt, MAT Y= VO). 


and therefore ¢(a)= pall 2 pe) +4, 


where a, is a quantity whose limit is zero when h 
diminishes indefinitely ; thus 


h¢(a) =V(a+ h)—VW(a) +ha,. 
Similarly 
hd(at+h) =V(a+2h)—Wiat h)+ha,, 
h¢(a+2h) =Y(a+3h)—W(at2h)+hasg, 
etc., 
hp(a+n—1h)=\Wat+nh)—YW(at+n—I1h)+hap, 
where the quantities a,, as, .--, an are all, like a, 


quantities whose limits are zero when fA diminishes 
indefinitely. 
By addition, 
h[p(a)+ oa +h)+ p(Gt+2h)+...4+¢6—h)] 
=W(a+nh)—W(a)+hla,t+a,t+-..+an], 
Let a be the greatest of the quantities a,, ay, ..., an, 
then 
hla, +a,+...+an] is < nha, te. <(b—a)a, 
and therefore vanishes in the limit. Thus 


Lt, =oh| p(a)+gp(ath)+ p(a+2h)+...+.6(b-h)] = V(b)-W(a). 
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The term hg(b) is in the limit zero; hence if we 
desire, it may be added to the left-hand member of 
this result, and it may then be stated that 


Lt,aoh[ (a) + p(ath) +...+ p(b6-h)+4o()]=YV(0)-Y@), 
He | po)de= Wd) Ka). 


a 


This result y(b)—v(a) is frequently denoted by the 
notation [v@) 


From this result it appears that when the form of 
the function ¥(a) (of which ¢(a) is the differential 
coefficient) is obtained, the process of algebraic or 


b 
trigonometric summation to obtain ow may be 
avoided. @ 

The letters b and a are supposed in the above work 
to denote finite quantities. We shall now extend our 


notation so as to let | d(x)de express the limit when 
b becomes infinitely large of ¥/(b)—v(a), @e. 
ee) b 
| o(o)da= Lyn Bevis 


a 


b 
Similarly by | pode we shall be understood to 


mean a) 
if CPOE) oi teal sla). 


gimtl 


Ex. 1. The differential coefficient of j is plainly a”. 


Hence if ¢(2)=2” we have 


m+ 


gmt ort gmt 6m+1_ gmt 


b 
aT OL “ade = ee 
va) m+1 I ie m+l m+1 m+1 


GHNERAL METHOD. STANDARD FORMS. 17 


Ex. 2. The quantity whose differential coefficient is cosa is 
known to be sinz. Hence 


5 
/ cos 4 dx=sin b—sin a. 
a 


Ex. 3. The quantity whose differential coefficient is e* is 


itself e*%. Hence 
b 
| edz =e —e*. 


es b 
E A, | —<*dir= = [5 ez =( —e-°) — ( — 6-0) — 
x [ ede= Lippy] -o* | =(- 2) (=. 


EXAMPLES. 


Write down the values of 
rb 1 72, 
ip J wx, 22. | oda, oy | ada, 4. is —dx, 
0 1 


i i 

5. i cos 4 da, 6. fi sec2x dx, We i: seca tan vdx, 
0 0 
1 il b 

8. fe: i a 9. | = ae, 10. | (w+cos r)de. 


8. Geometrical Illustration of Proof. 

The proof of the above theorem may be interpreted geo- 
metrically thus :— 

Let AB be a portion of a curve of which the ordinate is finite 
and continuous at all points between A and JZ, as also the 
tangent of the angle which the tangent to the curve makes 
with the w-axis. 

Let the abscissae of A and & be a and b respectively. Draw 
ordinates AV, BY. 

Let the portion VM be divided into 2 equal portions each 
of length h. Erect ordinates at each of these points of division 
cutting the curve in ?, Q, &, ..., etc. Draw the successive 
tangents AP;, PQ, QA, etc., and the lines 

AP,, Pos, Qh, eae) 
parallel to the z-axis, and let the equation of the curve be 
y=W(a), and let (a) =4(2), 
then (a), d(a+h), (a+ 2h), etc., are respectively 
tan P,AP,, tan QPQ,, etc., 
101116 Ch B 
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and hd(a), hp(a+h), ..., are respectively the lengths 
IIe ONO Hilts, ONG: 
Now it is clear that the algebraic sum of 
P,P, Q,Q, RR, .... is MB-WNA, ie. W(b)=Wa). 
Hence 


P,P, +QoQ, + Roky +... +[P,P+Q,0+...J=Wb)--v(a). 


Now the portion within square brackets may be shewn to 
diminish indefinitely with 2. For if #,# for instance be the 
greatest of the several quantities P,P, QQ, etc., the sum 

[PP+Q,0+..] is <nRR, te <b-ayhe. 
But if the abscissa of @ be called x, then 

LR,=W(2), Ryky=h ae ®), 
and LR=(at+h)=¥(x) +h (o) +5 PW" w+ Oh) 
[Diff. Cale. = Beginners, Art. 185.| 


so that RR Sau (w+Oh) a! sa + Oh), 


We fe aah (65 Onset 6h), 


which is an infinitesimal in general of the first order. 
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Thus 
Linn (PpP, + QoQ: + Rok, +...J=W(b)- (a), 
or Ltp-oh $(a) + Path) + Hat2h) +... + $(0-2)]=W()-V(a). 
Also since Lt,-ohp(b)=0, we have, by addition, 
Ltpaoh{ (a) + P(ath)+ Pat 2h) +...+6(b)]=W(b) — Wa). 


9. Interrogative Character of the Integral Cal- 
culus. 


In the differential calculus the student has learnt 
how to differentiate a function of any assigned char- 
acter with regard to the independent variable con- 
tained. In other words, having given y=v(z), 
methods have been there explained of obtaining the 
form of the function W(a) in the equation 


oH awa), 


The proposition of Art. 7 shews that if we can reverse 
this operation and obtain the form of yx) when (a) 
is given we shall be able to perform the operation 


b b 
| $(ode, 1. | v@ae, 

by merely taking the function vV(a), substituting b 

and a@ alternately for « and subtracting the latter 

result from the former; thus obtaining 


Wo) — (a). 

We shall therefore confine our attention for the 
next few chapters to the problem of reversing the 
operations of the differential calculus. 

Further, the quantity b has been assumed to have 
any value whatever provided it be finite; we may 
therefore replace it by # and write the result of the 
proposition of Art 7 as 


| seyde=Wa)— a). 


a 
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10. When the lower limit @ is not specified and 
we are merely enquiring the form of the (at present) 
unknown function y(a), whose differential coefficient 
is the known function (a), the notation used is 


[oeyde= Wo, 
the limits being omitted. 


11. Nomenclature. 
The nomenclature of these expressions is as follows : 


[p@yde or W0)—yKa) 


is called the “definite” integral of 4(~) between limits 
a and b; 


0] 
[o@ae or v(x) —W(a) 
where the upper limit is left undetermined is called 
a “corrected ” integral; 


[o@de or Xe) 


without any specified limits and regarded merely 
as the reversal of an operation of the differential 
calculus is called an “indefinite” or ‘“ uncorrected” 
integral. 


12, Addition of a Constant. 


It will be obvious that if ¢(~) is the differential 
coefficient of y(x), it is also the differential coefficient 
of W(x)+C where C is any constant whatever; for 
the differential coefficient of any constant is zero, 
Accordingly we might write 


[p(e)de =vVW(a)+C. 


This constant is however not usually written down, 
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but will be understood to exist in all cases of in- 
definite integration though not expressed. 


13. Different processes of indefinite integration 
will frequently give results of different form; for 
instance |p is sin-4w or —cos~1a, for ioe 

J/1— x 1—a? 
is the differential coefficient of either of these ex- 
pressions. Yet it is not to be inferred that 

sin~ lz = —cos~!a, 
But what is really true is that sin-’~ and —cos-1z 
differ by a constant, for 


. T 
sin-1¢+-cos-1a@= >) 


| aa = sgsin-7+C 
—2 


1 
or — dy = —cos-!4+C’, 
\; 2 


— {7° 


so that 


the arbitrary constants being different. 


14, Inverse Notation. 


Agreeably with the accepted notation for the in- 
verse Trigonometrical and inverse Hyperbolic fune- 
tions, we might express the equation 


[p(ojde= a), 


as (3) "pe =), 
D-*$(0) =a), 
or polo) = Wa); 


and it is occasionally useful to employ this notation, 
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which very well expresses the interrogative character 
of the operation we are conducting. 


15. General Laws satisfied by the Integrating 
Symbol [an 


(1) It will be plain from the meaning of the 
symbols that 


d , 
Patous is f(x), 
but that i p(x)dx is ¢(#)+any arbitrary constant. 


(2) The operation of integration is distributive ; 
for if w, v, w be any functions of a, 


Alu d+ {n d+ |v dur) =U+V0+W; 
and therefore (omitting constants) 
Ju da+ | da+ [vw dx = ic +v+w)da. 


(8) The operation of integration is commutative 
with regard to constants. 


For if a =v, and a be any constant, we have 
d du 
da = a7 = av; 
so that (omitting any constant of integration) 


au = few da, 


A) 
or aly i= | wv de, 


which establishes the theorem. 
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16. We now proceed to a detailed consideration of 
several elementary special forms of functions. 


17. Integration of x”. 


: ae pire 
By differentiation of meet T° obtain 
Ce Oa 
di ari 


Hence (as has been already seen in Art. 4 and in 
Art. 7, Ex. 1) 


gti 
GPS 
n+1 


Thus the rule for the integration of any constant 
power of a is, ncrease the index by unity and divide 
by the index so increased. 


For example, 


4 5 Fish F un-4 1 
a ae [otdo—S 0 : feta -Z, 
Jo / be a > xv Le Te 5 a7 


EXAMPLES, 
Write down the integrals of 


99 7,999 71000 
Ia. Gis Uy Os en Ge teh 


11 y-101 7-99 
Dies ag De 

es 
Ce HE ey irks 

Sig Ee 
ANGE eae me. 


or 
§ 
oo 
2| 
g 
+ 
i=) 
8 
+ 


an+tbate ax*+bat+e 
we Z “73 f 


S 
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18. The Case of x1. 
Tescill Pewommeihhored there or : eethesci tere 


ential coefficient of log «. Thus 
1 
[ide =log a. 


This therefore forms an apparent exception to the 
general rule 


19. The result, however, may be deduced as a limiting case. 
Supplying the arbitrary constant, we have 


m+1 +1 __ 
[erae=2 ee od, 
n+1 n+1 


where 


and is still an arbitrary constant. 
Taking the limit when n+1=0, 


att a | 


al takes the form log a, 


[Diff. Cale. for Beginners, Art. 15.| 


and as C is arbitrary we may suppose that it contains a nega- 
tively infinite portion a ae together with another ariitrary 
n 


portion A. 
Thus Linx { ade=log “+A. 


20. In the same way as in the integration of a” 
we have 
fas +b)"+1=(n+1)a(av+b)" 


and “og (aa +b)= ean rah 
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bd eto 
and therefore [tue b)"da:= ut ie 
da 
and brews mY ie “log aa +b). 
is be 
rinted as | ms |- da. as ls a ve 
Pp = ax+b’ Jaa y hk Se <p C. 
EXAMPLES. 


Write down the integrals of 
1. ax, 2, a+”, a-2, a—2X%. 
& @ a+z2 1 


x 1 i! ] 

ata a—ba (a—2? (a—a2y” 
4 1 1 1 1 1 4 1 
“a+x0'a-x v2t+a'a2-a (a+2)P (a—x) 

21. We may next remark that since the differential 
coefficients of [¢(a)]"*+* and of log g(a) are respectively 

: ‘(a 
(n+V[p@)Py(@) and a 


we have [o@re' (a)da = wor ls isthe 


and (e8 =) da = log ie 


The second of these results especially is of great 
use. It may be put into words thus :—the integr ‘al of 
any fraction of which the numerator is the dofferential 
coefficient of the denominator is 

log (denominator). 
For example, 


Qax+b = 9 
hae, dx =log(ax? + ba+e), 
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cos & . 
cot zdxz = seOhe 3 Ikon. 
sin # 


—sin 7 
tanzdas =— / dx = —log cos #=log sec &. 
COs & 


— oar = loge" + e~*), 


EXAMPLES. 


Write down the integrals of 


1. ( +a)", aaa (ax? + ba +c)"(2ax +b). 


e+e* seca Qax+b 
ae asp. ? Sao 
e*—e tana (ax?+ber+c) 
I 
3 1+2? 1 1 


era) esr Da pees 
tan?w J] _—z2sin-ly xwvlogzx 


22. It will now be perceived that the operations of 
the Integral Calculus are of a tentative nature, and 
that success in integration depends upon a know- 
ledge of the results of differentiating the simple 
functions. It is therefore necessary to learn the table 
of standard forms which is now appended. It is 
practically the same list as that already learnt for 
differentiation, and the proofs of these results lie in 
differentiating the right hand members of the several 
results. The list will be gradually extended and a 
supplementary list given later. 


PRELIMINARY TABLE OF RESULTS TO BE COMMITTED 
To MEMoRY. 


[jae = loge. 
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a” 
oraa ey ee, 
log.a 
[era = oe, 
[eos cds = sing. 
[sin ade =-—cosa. 
[sects de = tana. 
eosect dx = —cot a. 
sin @ 7 
——d& = seca. 
cos2a 
COS & 4 
— dx = —cosec a. 
sin2a2 
tan adx =logsec x.| 
Art. 21. 
feot « :de =logsin ».| 
da ee ae 
= sin ~1— or —cos-!- 
n/a a a 
da 1 x 
3; =- tan- or ——cot7l-- 
a? +a? wb a a 


1 
or —- cosec™ 
a 


| da { 
® ——— ——— — 
Er/ar—a 


— 
r/2an— x? 


OL == COVELSy 


es 
BR ras) 
RD C2 
1 
efs a7 arg 


eit g | 


24. It is a help to the memory to observe that all those 
integrals of the above list which begin with the letters “co,” 


a z : - 
as cos az, cos~!, covers~?—, etc., have a negative sign prefixed to 
a a 
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them. The reason is obvious. Each of these functions decreases 
as # increases through the first quadrant ; their differential co- 
efficients are therefore negative. 
Also it is a further help to observe the dimensions of each side. 
For instance, # and @ being supposed linear, i ees of nee 
J a — x? 
dimensions. There could therefore be no z prefixed to the in- 


tegral. Again / wea is of dimensions-1. Hence the result of 
integration must be of dimensions -1. Thus the integral could 
not be tan== (which is of zero dimensions). The student should 
therefore have no difficulty in remembering in which cases the 


factor - is to be prefixed. 


EXAMPLES. 
Write down the indefinite integrals of the following func- 
tions :— 
ee Cee tim be 
BV 2t+V P4+V #+V x+a" 
2. 27, w+3*, a+b*%+c™, 


w : 
3, cos’S, cos’4.sina, tan”# seca. 


4. cotz+tan x, cos x( oe ar a jt 
sing sin’x 


ee 1 ew 
Jl =a? 942? gla —4 
6 1 1 1 ie 


Wea? gl 2a —8 J8—Qa? 4427 
7 tan—@ sin7wv seca 
+2? Jl—e alg?—1 
Lice cot x 1 
a+e ” logsine” x geca.Ja—1 


CHAPTER III. 
METHOD OF SUBSTITUTION. 


25. Change of the Independent Variable. 


The independent variable may be changed from a 
to z by the change x= F(z), by the formula 
[Vdo=|V ae, 
dz 
V being any function of z. 


Or if we write V=fie), 


the formula will be 
|Ae)de= | FRe) LF’ (2)dz. 


To prove this, it is only necessary to write 


u= [Ve ; 
then oe = 
da 
du du dx da 
But dz da dz dz’ 


whence W= exe 
Zz 
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etan -lx 


Thus to integrate / iz dx, let tan-'w=z. Then 


ae 
Lda 
1+.2? dz 
and the integral becomes 


=i 
jee x Wate = [deme =etan-™, 
1+2? dz 


? 


26. In using the formula 


[iode=| APO ede, 


after choosing the form of the transformation «= F(z), 
it is usual to make use of differentials, writing the 
equation 

di es, ; ' 

ae =F"(z) as dxe=F(z)dz; 
the formula will then be reproduced by replacing dx 
of the left hand side by F’(z)dz, and x by F(z). 


Thus in the preceding example, after putting tan~!w=z, we 
may write 
CER an 
1+2 


fan 
dz and ie 7 dn = | edz=ete. 
av 


27. We next consider the case when the integration 
is a definite one between specified limits. 
The result obtained above, when «= F(z) is 


[fea = | FL FOF’ @dz. 
Tee fe)=@), 
then | fla)da = Wa) +C; 


and if the limits for w be a and b, we have 


| Heyde= yb) YX 


a 
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Now when g=0, 2= Fa); 
and when b=b, Z=f'-(6). 
d 
Also AFO)} = WAR}, 


and f{F() 2) =F WR) SE = FV FO)}, 
whence 
F-1(6) F-1(b) Gf 
ARe)F@de=| py Re)}de 
F-\a) F-\a) 
=V[F{P-*(6)}J- VL Xa)}] 
=v(b)—Y(a); 
so that the result of integrating f/{/(z)}f(z) with re- 
gard to z between limits #’~1(a) and #-(b) is identical 


with that of integrating f(x) with regard to « between 
the limits a and 6. 


Ex. 1. Evaluate | + cos Va da. 
RG 
Let x=, and therefore dr=2z2 dz ; 


ie Ik; cos V7 dar = | Leos . dedz—2| cosede=2sinz=2 sin,/z. 
a Z 


Ex. 2. Evaluate / x*cos wda. 
Let #=z, and therefore 32°dz=dz ; 


“4 if wcos x2daz = 4 | cos zdz=4sinz=4sin 2. 


1 
Ex.3. Evaluate {| —”—dr 
, JL +x? 


Put 2=tan 6, then da=sec?6 dé ; 
when #=0, we have 0=0, 


when w=1, we have O=F 5 
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2. | ee = [ see tan 0d0 
PV 1 +22 } sec 6 h 


=| sec 0 |F=sec™ —see 0=V2-1. 
0 


1 daz . il 
Ex. 4. Evaluate | —__— [4.6 $ iK sech x dar]. 
nes 0 


Let e*=z, then @dx=dz. When «=0, z=1, and when «=1, 
Z—e€, Hence 


1 oy é aed 
/ _ da: fone di = [ tan | =tan-‘te—tan711 Pian te 
J Creu Me 1+2 1 e+1 


The indefinite integral is tan-te*. 


EXAMPLES. 


1. Integrate e*cos e* (Gutaee—z): 
Tas COS um Cuba) y 


- cos(log v) (Put log v=z). 


Qu 3x22dax 
2. Evaluate [Za% GubA=—2)) ee (Put 7 =z), 


3 
3. Integrate a cos” + we , ae*sin e* + b tanh x. 
1+28 
4, Evaluate i peng (Put v+1=2) 
[ 34+20+0 ais 

5. Evaluate it 288 (Put 2+1=z2). 
N'5 — 20 — x? 
3 ” 

6. Evaluate | ane te (Put #—-1=z). 

Hl Cte 1a? — 2 

7. Evaluate / era da (Put 2=2?). 

2n/ w(1 +a) 


it 
Saelivaluate: |=) 
Qn an — 2% 


9. Evaluate / ext da. 
Qa ¢—1 
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NOTE ON THE HYPERBOLIC FUNCTIONS. 


28. Definitions. 


For purposes of integration it is desirable that the 
student shall be familiar with the definitions and 
fundamental properties of the direct and inverse 
hyperbolic functions. 

By analogy with the exponential values of the 
sine, cosine, tangent, etc., the exponential functions 

e—e X ete eX Er—e-% 
yas 2 ee” 

are respectively written 
sinha, coshsz, tanhz, ete. 


ete. 


29. Elementary Properties. 
We clearly have 


G -2\2 Co -2\2 
cosh2z — sinh*x =(¢ ‘ ) -(° oo ) =] 


“a 


9 2 = 
2, 2 a °o = = 
sech*x + tanh’x (a) ( 


e—e”" smnhz 
e*+e-* cosha 
@-+-e-* coshe 1 
e*—e-* sinha tanhaz 


i — HN 2 %_. p-I\2 
cosh®n + sinh®a = (° a y+ e ) 


tanh 2 = 


coth w= 


jh 2 
206 — 2a 
e € 
Seely oer. 
2 
ee —e-* er + e-% e2% — 9 - 2% rt 
2 sinh x cosh 7 = 2- ao eee 9 = sinh 2a, 


with many other results analogous to the common 
formulae of Trigonometry. 
HE, I. C. Cc 
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— 30. Inverse Forms. 


Let us search for the meaning of the inverse 
function sinh-1a. 


Put Sita Peay, 
Cex y 
then Dank y= 5 
*, eY¥ —2xey—1=0, 
and ev =atr/1 +a 
Thus y =log(« + Riel +2), 


and we shall take this expression with a positive sign, 
viz., log («@+ RAL +”) as sinh~1a. 


~~ 31. Similarly, putting cosh-!w=y, we have 


=cosh y= — 
and e*Y — 2re/+1=0 
and ev =aetr/x?—1, 
whence y=log (a + J/e— 1), 
and we shall take this expression with a positive sign, 


V1Z., 


log (a@+»/x2—1) as cosh-1z. 


—— 32. Again, putting tanh-17=y, we have 


a= tanh yee 
e+e-4 
and therefore ey = ite 
1-2 
whence tanh-!%= 4 log i+e2 
fi l-a 
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Similarly coth-47=4 log ae 
—— 33. We shall thus consider 
m2 2 
sinh synonymous with log eae 
Raya 
cosh“ synonymous with log ee 
tanh-'= synonymous with } lo wags 
a : a-a’ 
and 
coth-"= synonymous with } log ore 


34. The Gudermannian. 


Again, the function cos~'sech w is called the Guder- 
mannian of w and written gd wu. 


If a =cos~sech wu, 
cos 7 =sech w, 
sin a = a/1—sech2u =tanh U, 


" tanh w 


ech w 


= sinh w. 


and tan 7 


ee 
Hence 


gd w=cos~'sech w=sin~'tanh w=tan~'sinh u, 


35. Further, if w=log tan(7 +5) 


1+tan~ 
D4 

we have el= Erie : 
1— tans 


™% 
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whence t ee a s 
: SD) SE a 
x ev —] 
Y tan= RES 
and eye eee eC ae 


Sn ar 
1 tan*s 1 wa] 


eu —] eu —e-u 


gen ea sinh w. 
Hence e=tan-sinh w= ed u: 
Thus log t tan(7 =F ‘\= gd-ta, 
A> 
the inverse Gudermannian of «@. 
EXAMPLES. 
Establish the following results :— 
1. | cosh #dx=sinh x. 4, ip cosech24 da= —coth x. 
2D, [sion x da#=cosh 2. 5. bo a dx =-—sechz. 
cosh2x 
3 | sech2a dx=tanhwz. 6. [ cosh “dx =-—cosecha. 
sinh2y 


7. Writing sg for singd wz, etc., establish the following 
results :— 


(a) fegxdo=gan, 
(B) fe 


(y) fae =to a. 
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ros! | 

Ja — a? VV 

@ SPH e Ts 
a 


— 36. Integrals of 


1 
Se and 
The differential coefficient of log, 
f 1 


: Pane yw) 
Thus fae o ata/ x +a ear EpeZ 
us ee sere = log . sinh p 
or dae at |x — a? at 
Similarly eS log - = cosh 


37. In the inverse hyperbolic forms these results 
resemble that for the integral ln 7 VIZ sin-!”, 
r/o — x2 a 


and the analogy is an aid to the memory. 


38. We might have established the results thus :— 


da : 
To find — put =a sinh u, then 
Ja? +a? “ 
dx=acoshudwu and »r/x?+a?=acosh u. 
da ( bie Re 
Hence Fp gin \au=w=sinh om 


Similarly putting «=a cosh wu, we have 
a sinh udu | Dunc Caceres, 
52 a =|) ai du =u = cosh ms 


Integrals of /u?—a, /a?+a2, /a?— a 


— 39. To integrate /a?—2". 
Let e=asin 0; 
then da=a cos 6 dé, 
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and |v w—arda= wfeosto dé 
ee | tae 0 


: a? 
a sin 20+ 39 


; a? 
=248in 8.acos0+ 50 


Ser Onme: 

=a inl ee A ee 

or | V@—ado = v/ 5 atte 9 sin~2-, 
a 


40. To integrate /a?+.27. 
Let =a, sinh z, 
then da=a cosh zdz; 


then since 1+sinh?z=cosh?z, 
we have Ik! o+arda = a? eosh?s dz 
a? 
5 [cosh 22+1)dz 
ens inh 2 oe 
ear Sl aa 
2 


: a 
= 4a sinh z.a cosh z+ 2 


az ae a2 a? 


: pain aa! ees 
v.€. | Je paid 5 + 9 sinh i 


oi oa ee aries 
ne PERS log Se 


METHOD OF SUBSTITUTION. 39 


41. To integrate /z?—«a”. 
Let 2 =a cosh z, 
then dz=a sinh zdz; 


then since cosh?z—1=sinh?2z, 


ey a? —a?dx= o°| sinh? dz 


a? 
=F [cosh 2z—1)dz 


2 2 
ae azz 
=—— sinh 2z—- 


4, 2 


Z 
: arg 
=tasinh z.acoshz— > 


DY ss age 
: 2; ORT af Oi—a a x 
v.€. | Veda =? — 9 cosh *- 


an/ a? — a? aa et oF 


or 9 } og i, 


42. If we put tanw=t, and therefore sec’ da =dt. 
we have 


[sects dx= |v 1+ dt 


E/ILLE 
2 


+hlog(t+./1+#), 
[by Art. 40. ] 


= Ee +4 log(tan #+sec a), 


sin # 1+sina 
or 5 tt Io anes 
2 cos2% l—sinz 
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43. Integrals of cosec w and sec x. 


Let tan stig taking the logarithmic differential 


2 
Bt 1 gt dz da _ dz 
mgt sec’-=dx=— or 
aoe x 2 z sing 2 
2 tan> 
2 
dz x 
Thus cosec « da = ae log z=log tan 5 
In this example let «= > +y. 
Then dia=dy, 
and [sec y dy = log tan G oo A 
H da =log tan ("+5 d-1 
ence sec & da = log tan 419 or gaa. 


44, We have now the 


ADDITIONAL STANDARD Forms, 


da o+rJ/at tor. oa 
== = = log ———— = anh. 
a + a? a a 

da ee — x 
\- = log e+ Jaa? cosh-l-. 
x — a? a a 

2 2 2 

C—O eee 
|Je=# da= v/ —-+— sin-l-. 
2) 2 ah 

an/ar+ar a x 
Jatt vda= ar +—sinh-1!., 
2 2 a 

2 2 2 

tri/a—a? a? x 

| Ji —@de= v/ — —=>cosh-!& 
2 2 eh 
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Jeosee x dae =log tans, 


[sec ed«x =logtan(>+ gd-tx. 
(G+3)- es 


EXAMPLES. 
Write down the integrals of 
1 1 1 
il 2 = 2 
ips Reel Visa ? R= x No if VI +02, 
1 1 1 
2. 2 SES 
Nx2+20 V2420—2? JVa®-22 49 NAA, NV 1-40-20" 


= 3 x x x? a 
Vi—a? JetQ—T J1—-2? Va?+] 


; - “+1 
4, aae*+1, (¢+1)WV2?+1, erat 


5. x(a? +a*)2, (v+1)(2?+2v+3)?. 
4943 #24+997+3 v2 +24+3 
NVi-ag? Neal? Vettel 


L x (x oe 2 
(pape +1, ee oa Lee, “ mee 


ok 


1 1+tan2x 1 
cos*z—sin2z’ 1—tan2z’ 3sinxz—4sin3r 


1 1 
9. — r ; ; 
sing+cosx asinz+bcosx 


— 10. Deduce i cosec4dz =log tan 5 by expressing cosec 7 as 


(cot + tan a 


8. cosec2z, cosec(ax +b), 


t 11. Find [sccwae by putting sin 7=z. 
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12. Show that / sec 2 dz=cosh~\(sec 2). 


13. Integrate 
1 ‘ ral 1 : ns 
zloga xlogxrlog(logzy xlog x log(log x)log{log(log x) | 
1 
xU(a)l?(2) P(x) ... U(x 
when /’% represents log log log...#, the log being repeated 
7 times. 
| blow 
Teas Prove | Wy, =f log(°) loe(ab). 
a 


@. 
S [St. PeTEr’s Cot. etc., 1882. ] 


CHAPTER IV. 
INTEGRATION BY PARTS, Se 


45. Integration “by Parts” of a Product. 


. d dv, dw 
Since de”) = Me + ce 
; dv dw 
it follows that Wy = fu da+ [pe da, 
da da 
dv du 
or fugeae =Ww— [oSiae. 
If w=¢(«) and - =vV/(«), so that v= |yonde, the 


above rule may be written 


[onorde= 6(0)| [yd |-J oo Jweode aes 
or interchanging ¢(x) and (a), 


[oorpeeyde=¢o){  acorde: |—|yr | fotorae Ja 


Thus in integrating the product of two functions, if 
the integral be not at once obtainable, it is possible 
when the integral of either one is known, say y(a), to 


connect the integral 
[ooneide 
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with a new integral |e@ [ Jy@ae fae 


which may be more easily integrable than the original 
product. 


46. The rule may be put into words thus :— 
Integral of the product ¢(a)y(«) 


= 1st function x Integral of 2nd 
—the Integral of [Diff. Co. of Ist x Int. of 2nd]. 


Ex. 1. Integrate « cos nz. 
Here it is important to connect if possible i: xzcosna dx with 


another integral in which the factor has been removed. This 
may be done if w be chosen as the function (2), since in the 
second integral ¢'(x), ¢.e. unity, occurs in place of w Then 


P(xe)=x2, wW(r)=cos na, / Wajda = 7 
Thus by the rule 


sin nv sin nv 
[cos nie hn =x - fi. da 
n n 


_ ,sin ne 1 ( __ COS a) 
n n n 


sin nv  cosnx 
=p a 
n n 


47. Unity may be taken as one of the factors to aid 
an integration. 


Thus frog eae = fi log «du 
d 
=x log a#— fe 20g a)da 
=2 log x — frac 


=a(log x -1)= x log, (2). 
e€ 
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48. The operation of integrating by parts may be 
repeated several times. 


2as ; . 
x*sin na sin 2/ 
Thus / 2cos nx da = i; Qn ee ie 
n n 


and [asin nada =«( — °8ne) (eee 
n n 


sin 27 
finally, | cos na da =P "*, 
N 


Qui F - 

esmnxe 2f w«£cosng ie 

Hence | 2208 Sy fe Pla cal a | pe cada ee 
n n n n 


_ 2’sin nee Qreosnx 2sinnwxe 
n n® nm 


49. If one of the subsidiary integrals returns into 
the original form this fact may be utilized to infer the 
result of the integration. 


A et E b 
Ex. 1. if e“sin bz dz =—sin ba — = | e*cos bx dx, 
a a 
Oot b - 
and e“cos bx dx =——cos ba +—| e**sin bx dz ; 
a a 


therefore, if P and Q stand respectively for 
c 
J e“sin brda and if e“cos ba dx, 


we have aP + bQ=esin ba, 
and —bP+aQ=ecos bx, 
whence P= ee sin bv —6 cos bx 


a? +b? 
1 
=(a? +b") *esin (te —tan-1 ? ), 


a gad sin bz +a cos ba 


a Q a? + b* 


=(a?+ b*) te cos (0 —tan-} i ). 
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The student will observe that these results are the same that 
we should obtain by putting n= —1 in the formulae 


CNG SID enn eons ee sla ee 
(2) dd + b?)?e om (e-+ tan a) 


[Diff. Cale. for Beginners, Art. 61, Ex. 4.] 


And this is otherwise obvious. For if to differentiate 
paid 
cos 
increase the angle by tan~-, the integration, which is the 


(bx) is the same as to multiply by a factor Va?+0? and to 


inverse operation, must divide out again the factor Va?+6" 


and diminish the angle by tan-12, 
a 


Ex. 2. Integrate Va?—.” by the rule of integration by parts. 


[Va=Pac— Waa - fet a= ade 


42 
Sera Shih 
Va? = x? 
Ge 
Amlaaie |e ae z ae 
ae 


[Note this step. | 
—— bh ss 
=anN a? — 0? + asin~ 17 = [va —a'*da; 
whence, transposing and dividing by 2, 


= av@e—a a2. x 
| Je=wae— 5 +s sin 


which agrees with the result of Art. 39. 
Ex. 3 Integrate e*sin’z cos*z. 


Here  e**sin*x cos Bee sin’2x7 cos & 2 — cos 4a)cos w 


1 
= 7g(2e"c08 x — cos 3x — e**cos 52). 
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Hence, by Ex. 1, 


eee F008 ( a tan-1) 
iil 3 


ew 7 -008( 82 - *) SE ~cos( 5r— tan-12) | 


[Compare Ex. 16, p. 55, Diff. Cale. for Beginners, putting 
nm=-—1 in the result. ] 


EXAMPLES. 


Integrate by parts : 

Ie ne, we, xe", wcoshs, z’cosh 7: 

2. xcosxz, z*cosz, xcos 2x, x% cos*x, x cos®x. 

3. “sinxvcos £, £ sin x sin 24’ sin 32, 

4, wlog x, xlog x, x"(log x)?. 
5. &sin 7 cos x, e*sin £ cos £ cos 2a. 

6. e“sin px sin gx sin ra. 

+ 7. Calculate | “sina an, i "a sin2x dx, / "sin x den. 
0 0 0 


ra 


- 8. Show that [ve — a dr= ve 
é 0 
at 9. Integrate 1 sin-z da, / asin dz, i a*sin—le da. 


50. Geometrical Illustration. 


Let PQ be any arc of a curve referred to rectangular 
axes Ox, Oy, and let the coordinates of P be (a, yp), 


and of Q (a,, y,)- 
Let PN, QM be the ordinates and PN,, QM, the 


abscissae of the points P,Q. Then plainly 
area PV MQ = rect. OQ —rect. OP —area PNV,M,Q. 


But area PNMQ = Jy da, 


% 
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and area PN,M,Q= je dy. 
: % 
Thus \y dx = (LY, — 2% Yo) — [fe dy. 
Xo Y% 


Let us now consider the curve to be defined by the 
equations 


x= p(t) =u, say, 
and y=V(b) =, say, 
and let ¢, and t, be the values of ¢ corresponding to 


the values Xo, Yo and x,, y, of a and y respectively. 
We then have 


ey Ly dw 
J To vdu = I vat 


and \ ady=| udv = er 


% ve, 


ASAIN ait a 1 
and LY — LY = Lu» |? 
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so that the equation above may be written 


Pee [oo] fae 


and thus the rule of integration bene is established 
geometrically. 


51. Integrals of the Form 
[omsin nx dx, [ivmeos na da. 


Reduction formulae for such integrals as the above 
may readily be found. Denote them respectively by 
S,, and C,,. Then, integrating by parts, we have at 
once 


COS 1 
Den =—x™ ewer: ~Cn- 1, 
min NL Mm 
and C,,= 2 ae non 1 
Thus 
cosnxe ™m™ sinna m—1 
Sm= —a™ ae. A ——— mT 8n-2 | 
n n n n 
sinnce m cosnx  m—1 
and C,= #&”—— ——]| —a”-1—_ Cn-2 | 
n n n n 
: COS We mine m(m—1) s 
1.€. Sm=—a rae ee Pa Cag Be as 
3 sin nx cosn@ _m(m—1) 
and Cn= os +mam~ : n2 2 Cae 2. 


Thus when the four integrals for the cases m=0 
and m=1 are found, viz., 
COS NX 


y= [sin nix die= —- ; 


N 


E.1.C. D 


50 INTEGRAL CALCULUS. 


sin nx 
0=| cos nx da = ee 


cosnx . sin nw 
a) n? 


? 


8, = forsin na dx= —x 


sin nw” . cosna 
a 


+ 


a) n 


? 


C,= fe cos nx dx = 


all others can be deduced by successive applications of 
the above formulae. 


52. Extension of the Rule for Integration b 
Parts. 


If w and v be functions of « and dashes denote 
differentiations and suffixes integrations with respect 
to # we may prove the following extension of the 
rule for integration by parts, 


Juv At = UV, — WU, + WV — WF 
+(—1)"-tw™-YDo, +(— fue, da, 


where w@-» is written for u with n—1 dashes; for 


fue dx =w, — Jude, 
7 / A 

fu vida =w, - fu veda; 
M M as 

fu ORI EPO, —fu veda, 


de = 4h a 
fu v,de= wv, — Ju ude, 
etc. = ete. 


fuse Dn 2A =U Dory, 9 — fu “Dun ida, 


fu i Norn, -1 da —e wr a Don, a JuPondar 
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Hence adding and subtracting alternately 
fue d= Wr, —W'v,+ UV, — WO Aan 


+ ( — 1) -1yjr- Dv, ak ( = 1} uo ,dee 


Ex. 1. If we apply this rule to f z"e*dax, we immediately 


~ obtain 


MM pho] 9 — me m—1e m—20- 
Beda =a" — — ma. + m{m= 1)2"-? 
a ae a 


‘ Pes Cae Hes, Ua 
—m(m—1)(m—2)a Cg beet) m1. 
_ Ex. 2. It will be at once seen that the integrals 

f z™sinnxdx and | 2” cos nx dx 


of the last article may be treated in this way. 


EXAMPLES. 


Write down the integrals of 
1. ate”, zcosh a, 2 sinh 2. 
.. 2. sins, «sin x, 2*sin*x, «sin £ cos 2. 


7 7 1 
3. Evaluate i asin «da, / «cos x da, / werda. 
: 0 


0 0 
53. The determination of the integrals 
ener sin ba da, [ererreos ba da, 


may be at once effected. 
For remembering 


sin egin 
le e090” Uae = = eos” —¢) 


where r=/e+0? and tan d= =) 
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we have 

Jomerasin ba da = s etsin (ba — o)—-—> Osean (ba—2) 
°F “ee Joon ean - —3¢)—.. 
+(— ie " etsin (ba—n+1¢), 

or et f P sin ba—Q cos ba} 

where 


n—-1 


‘ gn a gn-2 
Pa p C8 P— Na COS 2p+n(n— la cos 8p—... 
i ae ae 
Q =, sin p—n—s sin 2p+n(n— 1) s- sin 8¢—... 
Similarly 
[erereos ba da=e{P cos ba+Q sin ba}. 
Ex. 1. Integrate / x e*sin x dx. 
: “ tps 7 
Since [esinede = 9 ‘asin — a 
. -} : T -3 . Tv. 
we have [osesin de =a82 ‘esin( - 2) — 3x72 esin(« - 7) 


. ie oe a pny ae 
+6x2.2 *e*sin| x oa 6.2 *e*sin(a— 7) 


=etc. 
Ex. 2. Prove 
al 
Mot l os Be ere 
_ tr 2 ah NY 
ie sin #daz= o> iy a i" 2 F sin{ @ Z : 
EXAMPLES. ans 

= 1. Integrate (a) [ GO Gy fps (d) / tan da. E 


+~ (6) [#'sin ede. ~+- (e) / tan—\e dx. 


+ (c) i. a sect da. (f) cos kde, 
i x Xv 


¥— 5. 


. Integrate 
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(a) a: pe 
(1-28! 


2 3in— ay 
(0) Le a 


-t- em tan —1x 
(a) f ae 


. Integrate 


1+? 


aay tan—ly 


= (0) ae +a 


Integrate 


». Integrate 


. Integrate 


. Integrate 


; literate (a) fe 


(b) / ve'sin2e da. 
(c) ‘| cosh ax sin ba da. 


a: 
/ jog = sin-!z dz. 
x 


53 
(ec) [rin 4 ae 
(d) fosinr5nf2=2 a 


(0) em tan - ie 
(1+42)2 
(a) [2a a, 
(+a 


. Integrate () / e(sinz+cosx)dx, (d) [ x coshas sinbada. 


(e) i 272%sin Qa da, 


(f) [eos {ov log” bd, 


xe 
ey, 
G+ 
log(cos 6+ cos 26 20) 4 do 
| 1—cos?@ : [a, 1891. ] 
/ cos 20 log(1 + tan @)d6. [-y 1882.] 
gl +sin x £ 
I+cosa- a (Maru. Trrpos, 1892.] 


sin 7 
Pas 


(0) fe 


[a, 1892.] 


2 
= 10. Prove that [ultae- nt dv _, 0 +- [oF oF de, 


11. Integrate J@ sin27+ 2b sin # cos w+ cos*x)e"da. 


[a, 1883. } 


- 
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12. Show that if w be a rational integral function of a, 
3 
[eve dz= aerel u = ee + aot _ a +... \, 


where the series within the brackets is necessarily finite. 
[Trn. Cou., 1881.] 


13, INE p= / e“cos badx, v= jf e“sin bx dx, prove that 


ane + tan? =a 
and that (a? + b*)(u? + 0") =e* 
14. Prove that 
IE (log a)da= 
Also that 
|. a LP - rae . Hy! 


=n AKA Spay gmt (GUPay 
(m+1)° ae + Gael a! (m+1)"l 
where / stands for log a. 


~ (log “y= z) 7™(log a)""da. 


=~ 15. Prove that 


(i.) it e*cos"ba dar = cos Beas eu Oo pptcos—lg 
a? +n7b? 


4-20 ae * | ecos- bx dx. 
C+n7b? 


(ii.) ik esin"bada =2 5m 6 ae BEE Oat asi yn—lbay 
2 262 
a+n 


fae) Ly if e*sin” bar da. 
a+n-b* 
(BERTRAND. ] 


et 16. Evaluate [ # log(1 — x*)dax, and deduce that 


ie eae 8 
; Ce eee 3. 
1.5 257 S160 9g oe [a, 1889.] 


CHAPTER V. 


RATIONAL ALGEBRAIC FRACTIONAL FORMS. 
PARTIAL FRACTIONS. 


ALGEBRAIC FRACTIONAL FORMS. 


54, Integration of 


pa quvr™: and i 


Either of these forms should be thrown into Partial 
Fractions. Thus 


| eee % al e = a « x ile 
= 5 [log (wa) —log (+ @)] 
nh ett [--2eot] 
fo xl (ceet gle 
=5 [log (a+a) —log (a—2)] 


at log are te | =e ane 2 | 
2a 


1 
7 yp\¥<a). 
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(Compare the forms of the results in ee brackets 


with the result before tabulated for = 4s 5 VizZ., 
| da 5= + tan-™.) 
OA -- a a ah 
; dx 
55. Integration of laa Soe 
Tat 
a peed ee a («+ = afb — 4c 
as a a 2a 4a 
os il | dx j 
a b\?  4ac— b?? 
(2+57) = Aa? 


we take the former or the latter arrangement ac- 
cording as b? is > or < 4ae. 
Thus if 6? > 4ac, 


1 2ae+b— Care Aac 


7 VR —4AG6 ore me cma h 
2 2an+b 
— = — _coth-! j= 
ia c= ae r/b?—4a0c 
If b? < 4ac, 


_, 2ax+b 


2 
 /4ac— 0 oe n/4a0c— 6? 


or — —==—— cot} Zac +b 


r/ 4ac — b? n/ 4c — b? 


These expressions differ at most by constants, but in 
any given case a real form should be chosen. 
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56. Integrals of expressions of the form 


pet+g 
ax*+ba+e 
can be obtained at once by the following transforma- 
tion pb 


pet+q —_p (2ax+b). I~ 96 
av+bete 2a av+bete' av+brt+e 


the integral of the first part being 


pa 2 
2a log (ax?+ba+c), 


and that of the second part being obtained by the last 
article. 

[The beginner should notice how the above form is 
obtained. Jt is essential that the numerator of the 
jirst fraction shall be the differential coefficient of the 
denominator, and that all the as of the numerator 
are thereby exhausted. | 


Ex ie x re Ne 2@+4 |e 
" JS at+4a+5  JL2 2? +4e+5 a 


= log(z?+4x+5)—2 tan "(«+2). 


57. Although the expression px+q may be thrown 
into the form 


F (2ax-+b)-+q— ee 
by inspection, we might proceed thus :— 
Let px+g=r(2ae+b)+ pu, 
where \ and u« are constants to be determined. Then 
by comparing coefficients, 
2arX=p, ptrAb=q, 


a po 
giving hon and p=q— or 


58 INTEGRAL CALCULUS. 


EXAMPLES. 
Integrate 

il x dx 4 (a+1)da 

J e427 +3) “JS 3420— x? 
9 / a dee 5 Nea ae 

J BQ EL Sg +2n+2 
etl 920% 4+ 3a+4 
pee 6.9] See. 
lets i a’*+62+10 


58. General Fraction with Rational Numerator 
and Denominator. 


Expressions of the form a ® y where f(a) and ¢(«) 


are rational integral algebraic functions of «, can be 
integrated by resolution into Partial Fractions. 

The method of putting such an expression into 
Partial Fractions has been discussed in the Differential 
Calculus for Beginners, Art. 66. When the nwmerator 
is of lower degree than the denominator the result 
consists of the sum of several such terms as 

A A Aa+B q Az+B 

e—a (*«—a)” ax*+ba+e vi [(@+a)?+ b7]" 

And when the numerator is of as high or higher 
degree than the denominator we may divide out until 
the numerator of the remaining fraction 1s of lower 
degree. The terms of the quotient can in that case 
be integrated at once and the remaining fraction may 
be put into Partial Fractions as indicated above. 


Now any partial fraction of the form 
at once into A log (a — a). i“ 


al 
(w—a)’ 
1 A 
r= (w—ay-t 


7 integrates 


Any fraction of the form integrates into 
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B 


Any fraction of the form Sees has been dis- 
cussed in Art. 56. +be-+e 

And when any repeated quadratic factor such as 
[(c@+a)?+b7)" occurs in ¢(#) giving rise to partial 

Azx+B 
[(w@+a)?+b*) 
a fraction by the substitution v+a=b tan 6, by aid of 
Art. 67 or Art. 83. 

But it is frequently better to factorize (a+a)+b? 
into its imaginary conjugate factors #+a+cb and 
x+a—.b, and obtain conjugate pairs of partial frac- 

P+.Q 4 P-.Q 
(cta+iby ' (a@+a—by 
then be integrated and the result reduced to real form 
by aid of De Moivre’s Theorem, as in Art. 63, Ddff. 
Cale. for Beginners. 


fractions such as we may integrate such 


tions of the form which may 


a+ pxt+q 
59, Ex.1. Integrate pe aE Cae oe 
We have 
w+ put a+patq 1 a b+pb+q 1 
(w—aXa—bYa—c) (a—ba—c)x—a' (b—c)b—a) x—b 
@+tpetg 1 _.@+patg -1 j 
"(e=aXe=8) a 0 (a= b\(a—c)x-a@ sie 
and the cv ral is oli ard is a). 
a a 
Ex. 2. Integrate ae 
Lv AD B24 C 
= @—lXatt4)~ 2-1" v4” 
Then A(x? +4)+(Bat+C)(e2-1)= 
Thus A+B=0, ~ 
C-B=1, 
4A =0=0; 
whence A=1, B=-}, C=4, 
“ oa beg eh i Pie a Al 


aces 1Xa?+4) 54-1 5 2?+47 5 x-1 "10 445 44} 
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and the integral is 


Flog (a — 1)— {postr +4) ce = tang. 


a? 
23. es ey 
Ex. 3. Integrate le Der) Ky 


Put “v—l=y. 
2 
Hence the fraction becomes = dl we 
y2+y) 


Dividing out until 7? is a factor of the remainder, 


Q2+y)1+24y+y?(F+dy+3y?- 
1+3y 
Ce ee 
By +3y” 
ay” 
ay" + ty 
—4y3 


Sn y 


Hence the fraction 

@fo) ie Cue Se Get 

PO+y) WLP By B24y 
and therefore 

ie il it 3 1 1 

(a@—1j(a+1) 2 (@— Tt 4@—12* &@—1) 8(a-F 1)’ 
and the integral is 
ee agll 
4(c#=1) we i) 


+5 Log (a— 1) ~flog(#+ 1). 


xadax 
Ex. 4. Integrate eee “Dias + 1) 


Let v=1+y; then 
a 1+2y+y? _ 
(@—1)(a8 +1)” ¥8(243y+3y?2+y°) 
We now divide out 
l+2y+y? by 2+4+8y7+3y7?+y8 
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until y* is a factor of the remainder. To shorten the work we 
use detached coefficients : 


QHB43+1) 14241 — (F+dy— By + sy 


L+e+2+ 4 
Tree 
Bw?) 
A+i+ 94) 
ig eee 
igen 
RE eG aes 
oa Soe ee 
Sieh s 
5 115115 
8 t+tetiétas 
ig, 
16 — v6 —15 
4 5 5 1 11—5y—57? 
Hence a as 


(a@—1)(aF +1) Qy*" 498 By?" 16y ' 16 w+] 
Now 11—5y—5y?=11—5(@—1)—5(#7—-1)?=11+4 54-527, 
and by Rule 2, p. 61, of the Diff. Cale. for Beginners, 


11+5a— 52" 1 " X(a) 
(a+1)(@?—x2+1) 3(@+1)° 2-24 


— 5x? 2 1 32+16x%—16x? 
ie | ya eee 5a lz e+] = +16x—16z 


a+ 3 #41 2 et ee 
_ 16 24+a-27 166 _ 2), 
3 1+2 
Thus 
ae af 1 5 
Cre +1) 2¢—1) * Tae—De 8(a—1) 
bo ale Je Grice 


+ T6(@— iy 48 2+1 6 w#—a#2+1 


and the integral is plainly 


il 1 5 


—~ 6@—1¥ B@—1)P* B@—1) + 7g oate- : 


5] 22 — Wy 


1 
+ do log(e +1) —glose*—#-+1) +, tan erg 
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EXAMPLES. 
1. Integrate with regard to x the following expressions :— 
+ © Gaaesey () aoe 
06 1 ee yd 

(ih) a@iaiy 7 GaGa bVEe Oy 

(iii.) w(a@+a)-"v+b)-). (viii) ane =3 

iv.) 240] cB (@—a)(a—b)(a2-e) 
1) Zama 0) (eae Nom a) 

Ce) +1 ae 


“? (a+ 1a —1le+1) Sh pera p ean ee 
2. Evaluate 


| : i) [ey Dew) (iv.) [(qat+b08)7do. 
© [een ary 4.) [@-1y%de. 


ii. (v+1)da =e dx 
ai) [eter  \erare=ne=y 


3. Integrate 
eet da ada 
“~* G.) lexan oa ever oan 
(ii.) [aoe DY) ip, c ee lan 


(a? + c?)(a? +d") 27+ 2\(247 +1 y 
4. Integrate 


a dx a" pad 
() leer op) laa - 
(ii.) / Ae (iv.) [< aS 


(v.) [@ +a*)(x4+ ax? + at)-1dx. 


(vi) J (a? — a2)(or + a®a® +a!) de. 


v4+3r+1 ane dx 
(vii.) f- Pons Si eae (viii.) pea 
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5. Integrate 


(i) = —— (vi.) aad 
& » op Seo aaa Tye iy 
+ (iii.) GING (viii.) wera ae 
Ge) ota, ee (ix.) et 
(v.) miei (x.) aaa y 
6. Integrate 

a) Grae a: Qa+4) ) ETT 
() ere ey errr 
a) IEEE Wee AG oe 
(iv.) FING (ix.) oR cane 


dau 1 
a (v.) (@=1Ke $1) + Ge) aesiy 


7. Evaluate ti a tan@d@ and / a cot 6 dé. 
0 0 


; # da 
8. Obtain the value of ‘ Ge a 
0 
j 5 cos x2 daz 
: ti 5 A 
Bo veNe J (1+sin x)(2+sin x) 


vda T 
10. Show that [rr aay ONG A) Ka PONE TNOFG) 


64 INTEGRAL. CALCULUS. 


11. Prove that 


fing de es a+b 
| (tar+a)(etbr+b2) J/3 ab(a?+ab+b y) 
[CouLeaxs y, 1891,] 


12. Show that the sum of the infinite series 


OE HES Me ope a 
a a+b a+2b a+t3b °" 


can be expressed in the form 


(a>0, 6>0) 


1 te-1l 
See re 
if eae ee 
and hence prove that 
med 
1—34+4-qotds — Tet... =3(73"2 + log.2). 
[Oxrorp, 1887. ] 


Mardoy 
yi 


CHAPTER VL. 
SUNDRY STANDARD METHODS. 
; dx 
60. Integration of lee where R=ax?+2bar+e, 


Case I. a Positive. 


When a is positive we may write this integral as 


’ A dx 
ae 


which we may arrange as 


il 
Se a (ony se * Jl [eae Ae 


a a2 


according as 6? is greater or less than ac, and the real 
form of the integral is therefore (Art. 36) 


ax+b Pe eae 
Write osh- iar or -sinh7! = 


according as b? is > or < ae. 
E.1.C. E 
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In either case the integral may be written in the 
pameee form 


= log (aa+b+/an/aa®+ 2ba+e), 


the constant 5 log ./b? ~ ae being omitted. 
ala 


Also since cosh~!z= sinh-!s/2?—1, 

and sinh -!z=cosh-!/2+ 1, 
ax+b 1 ak 

osh~? —= sinh=! v/ 


ve Je—ac Va Jb? —a0 


and sinh - 9 an ! cosh~! oR 
: Fe ‘Jac— Ja r/ac—b2 


which forms therefore may be taken when «@ is positive 
and b? is greater or less than ac respectively. 


61. Case II. a Negative. 


If in the integral | eee a be negative, 

write a= —A. Then our integral may be written 

eal —S— 

JA al oes ae 1 E 
5 ely j A eebnd eee 

we a ay 

Fale A 

on ee sin eee? a Be as _ 


Ja dS RIS Ji 
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or omitting a constant 


g-1 ax+b E Seine enema al 
SJ ae or —sin-‘z=cos a—> |. 


Te since cos-!g=sin-1,/1 — 22, 
ax+b 
we have cos-1 Set? = SS iw = A =ak 
n/b? —ac Siesry —ac 


It thus appears that when R=aa?+2bx+ce 
gob) ee i/—aR 4 
ae a eer, a negative, 
da ieey /akR 
— = .« —- h ;* eb Sp See b2 = 5 
whe Mp »/b? — ae si i 
aaa a positive. 
or A 5 Jak b? < ac. 
ay a ie = —bF 


and the real form is to be chosen in each ease. 


Ex. 1. Integrate / ba ees, 
207+ 3x0+4 


We may write this 


wal V+ 3 +93 
= — sinh 
1.6. -7 cosh~ 2 aut pan 
or = se lo( "+ Cees) 


ze. the integral= S log(42 +342 2/22 +32 +4) 
2 


rejecting the constant aM ir eae =). 
( pe V2 ~/93 
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Ex. 2. Integrate { —~—, 
S J /44+32—227 


This integral may be written 


=a Jae y 


: 1 . _4,4%-3 
and therefore is = sine, 
N2 /41 
which may also be expressed as 
a Bear: + 3a — 2. 


V2 N41 


EXAMPLES, 


roe 


Integrate i, / ‘ 
ms Net +or+3 2x2 +24 +3 


2. Integrate 


| dx if x 
V94+30—20? J /2—34—22? 
3. Integrate | Va+2ba+cu*dx (c positive). 


4, Integrate i Vat+2bx—cx*dx (c positive). 


Axc+B a 
n/a + 2bx+e Y 
be integrated by first putting Aw+B into the form 

Naa+b)+m, 


which may be done as in Art. 57, either by inspection 
or by equating coefficients; we obtain 


Avc+B = (an+d)4+B—-2. 


Thus B oe 
Av+B =A ax+b Ei oer’ 
J/aetebote a JSaet+Qbete r/axrt+ as +e 


62. Functions of the Form 


SUNDRY STANDARD METHODS. 69 
The integral of the first fraction is 
A a ee 
me J/ax?+2bate; 


and that of the second has been discussed in Articles 
60, 61. 


EXAMPLES. 
Integrate 
2+l 4 2x7 +3 7 v+tatl 
Va*+2r74+3 Va?—1 Ja2+2u0+3 
x Q2+3 P+ aettaottil 
We 5. Sr . 8. SS SS ee 
Na+ a? Vettaetl J 0? +20+3 
w+b 6 xv'+l 
Nata Nabe4 


PowERS AND PRODUCTS OF SINES AND COSINES. 


63. Sine or Cosine with Positive Odd Integral 
Index. 


Any odd positive power of a sine or cosine can be 
integrated immediately thus :— 
To integrate |sin®"+lx dz, let cosa=c, 


* sinada=—de, 
Hence 


sine da =— ja —c?)"de 
= -{[1 ang MO + (—1)"c" Jde 


cos*z 1(n—1) cos*« hece ee 
aie Pome ane 


= —cosa+n 
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Similarly, putting sinv=s, and therefore coseda=ds, 
we have 
feos da= a —s*\"ds 


sin’a , n(n—1) sin’a _ 
3 2 5 


eit 


as iy eae 


=sinxv—7 


64. Product of form sin?x cos%x, p or q odd. 
Similarly, any product of the form sin?a cost 
admits of immediate integration by the same method 
whenever either p or q is a positive odd integer, what- 
ever the other be. 
For example, to integrate | sin'x costx dx, put cosv=c, and 
therefore -sinadx=de. 
Hence H: cost sin’x dx = — ih (1 — c?)*de 
_ cos’ cos & cos*a 
5 a 9: 


3 
Again to integrate / sin’w cos*e dx we proceed thus :— 


3 
= [sinéac = ee L) 
J 


=—5 a Be 
= sin By sin. Pa, 


65. When p+q is a negative even integer, the 
expression sin?’ costz admits of immediate integration 
in terms of tan or cot x. 

For put tana =t, and therefore sec?x da = dt, and let 
p+q=-—2n, nv being integral. Thus 


[sinew costa da = [tanea cos?ta@t2y dt= fin 1+ #2)"-1d¢ 


= [rte no pet payety 4 enten-aat 


tan? tly tan?t3y, tan? tg, tanPt+2n-1y, 
eee 1 ee 
pri 1p+3 2p+5 "Spr 2Qn—1 
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Similarly, if we put cot ~v=c, then —cosec2a dx =de, 
and 


|sineceosen da = -[eotee sin? t9I+2y de = [ea +¢)"-1de 


q+1 *q+3 A G45 gana 
a result the same as the former arranged in the op- 
posite order. 


2 
cos2r 

Ex. 1. Integrate [aede. 
sin’x 


This may be written 
- / cot?x(1+cot*x)d cot x, 


and the result is therefore 
ee cot®x = cothx 
3 ae 


It may also be integrated in terms of tan v thus :—~ 


cos fa tan—>7 tan-3y 
1+tan2r)d tan «= — = 
i aint” | Sate fe ) 5 Bas 


the result being the same as before. 


Ex. 2. 
r 8 1 _Z 2 2 
[seed cosee’ 9 6 = | tan °@dtand=-$ tan °O= — Scot’ é. 


66. Use of Multiple Angles. 


Any positive integral power of a sine or cosine, or 
any product of positive integral powers of sines and 
cosines, can be expressed by trigonometrical means in 
a series of sines or cosines of multiples of the angle, 
and then each term may be integrated at once; for 


COS 10 


and Jin na da=—- oe 


sin na 
cos na da = — - 
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Bix. J. [ooste es + Cos 22 Ty = ae 


Ex. 2, / cos*a da = / 5.008 a 32 =} # sin v+ }; sin 32. 
Ex. 3. [ooste d= | ( ste da 
rl +2 cos 2¢@+ oe 
=| = aaa aim 
= [@ +2 cos 2v+1} cos 4x)dx 
=30+4sin 24+ a sin 4”, 
67. It has already been shown that when the index 


is odd no such transformation is necessary, thus in 
the second example 


r 


Frais 
; : : sin*y 
[coste da = Ja ~sin2x)d sin v7=sin % — = 


which presents the result in different form. The 
method we are now discussing will therefore be of 
more especial value for the case of sin?x cos’x, where 
neither p nor gq are odd. 


Ex. 4. Integrate | sin’e dx. 


Let cosv+¢sina=y; then 


2 cose =y+L, 2 cos nx a+, 

J y 

7 1 = a 1 
2sinv=y-—-, Wsnne=y"——. 

g y 

Thus 
5 1\8 
22 Ssin’ 7 — (y — | 
Y 


=(# +5) -8(° + 5) +28(y' +5.) — Oy? + | py tte 


=2 cos 8x —16 cos 6%+56 cos 47 — 112 cos 24+ 70. 
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Thus sinks = J (cos 8x2 —8 cos 6x +28 cos 4v — 56 cos 27+35), 


nat [sinte i eee ses 8x2 — sn OF 4 og Wy penne i 36. | 


Ex. 5. Integrate / sin’ cos’z dz. 


Put cosv+esinv=y; then 
2%6sin®x . 2?cos2x 


= (y-2)"(y+4)’ [See Art. 68.] 
Hf y 


1 1 1 1 
Bae oie All yO te = 4( 4 2) 4( 2 5)- 
y as (y ae y Ler +4(y ay 10 


=2 cos 8r—8 cos 6x+8 cos 4x+8 cos 27 — 10, 


and sin®x cos27= ‘ { —cos 82+4 cos 64%—4 cos 4a—4 cos 24+5 \, 
whence 
ie 1f _sin8/, ,sin6x_ ,sin4x_ sin = }. 
8x costadx = 4 4 5x 
Jsin L COS*LAL at Fy + 6 i + 


68. Nore. It is convenient for such examples to remember 
that the several sets of Binomial Coefficients may be quickly 
reproduced in the following scheme :— 


| DNS“ 
ioe The 
| 1 Lo 
1) 24 1 
i ie 1 
1 SiN 2 | 
1) aN6 | 404 
1\ 5}ji0 10 5 1 
1) 6Wi5 |20 15 6 1_ 
1{7H2ij35 35 2) 7 1 
L1f 828456 70 56 28-81) 


etc., 


each number being formed at once as the sum of the one im- 
mediately above it and the preceding one. Thus in forming 
the 7th row we have 


O+1=1, 14+5=6, 5+10=15, 104+10=20, etc; 
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and in multiplying out such a product as ( y- +) (y+). 
occurring above we only need the coefficients of (1—1)%(1+2)? 
and all the work appearing will be 
coefficients of (1 —7)® are 1—6415—204+15-6+1, 
coefficients of (1—7)®%(1+72) are 1—-54+ 9— 5-— 5+9-5+1, 
coefficients of (1—7)%(1+72)? are 1-4+ 44+ 4—-10+4+4-—4+1, 
each row of figures being formed according to the same law as 
before. The student will discover the reason of this by per- 
forming the actual multiplication of a+ bi+ct?+d8+... by 1+¢, 
in which the several coefficients are a, a+b, b+c, e+d, ete. 
Similarly if the coefficients in (1+7)*(1—2)? were required, the 
work appearing would be 
1+4464+4+1, 
(34s oe 
14+2-1-—4-—142+1, 
and the last row are the coeflicients required. 
The coefficients here are formed thus :— 
1-0=1, 4-1=3, 6—4=2, \4-6=-2, ete 


EXAMPLES. 


1. Integrate 
sin4z, sine, sintz, sinox, ‘sins, sin’z, sin7,, sin?** iz, 
doing those with odd indices in two ways. 
2. Integrate 
sin’z cos*v, sin’x cos*w, sin%vcos2x, sintz cost, sin*r cos®x. 
sin2z cos? a 1 
cosy’ sintz’ sin2x cos22’ sintv cost” 


3. Integrate 


7 7 7 

4. Evaluate / “sin2e dx, ‘i “ cossx da, i “costa dx. 
a) 0 0 

5. Integrate sin 2a cos*z, sin 3x cos*wv, sin nx cos2r 

6. Show that 


i sin # sin 2% sin 3x7 da = — } cos 2x — zs cos 4v + sy cos 6a. 
7. Show that 
(i.) if sin ma cos nx dic = —CoS(m+n}x _ cos(m—n)wx ; 
2(m+7) 2(m — n) 
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(ii.) ‘i sin mx sin nw da = Se So 


(iii.) / cos mar cos nade =m — 2) , sin(an-+ = 
2(m—n) 2(m+7) 


Deduce from (ii.) and (iii.) / sin’me dx and i cos*ma dx, and 


verify the results by independent integration. 


INTEGRAL POWERS OF A SECANT OR COSECANT. 


69. Even positive integral powers of a secant or 
cosecant come under the head discussed in Art. 65. 


Thus [sect dx =tan«, 


[sects dt i= \c 1+tan’x)d tan a 


=tana+ 0%, “ 


[sect a = \c 1+2 tan’x+tan‘x)d tan a 


2, 5, 
=tana+ ee 2 ee ete., 


and generally 


[scorn i= fa + yh t where ¢=tana 
f2n+ 1 
=t+" or! + ee Hae ‘+onay 
Similarly 


oosect da =—cotz, 


Jeosecta da =— \\ 1+ cot?a)d cot x 


3 
= —cota— ies , ete. 
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and generally 
e Ce 
Jeosect da = —¢e— "Crs - "Ose - 


where c=cot a. 


c2ntl 
mee ey | 


70. Odd positive integral powers of a secant or 
cosecant can be integrated thus :— 
By differentiation we have at once 


(n+1)see"*2~ —nsece"~ = = (tan «@ sec”2) 
and 
i 
(n+ 1)cosec"*2a — 1 cosec"a = — a, (cot x cosec"x) 
whence 
(n+ 1) scer*%x de = tanwsec"s + nf seers da 
and A. 


(n+ 1) feoseer*4x da = — cot x cosec”a# + nfecoseera da 


Thus as [sec cde =log tan(* + S|, 


4 
ax 
and cosecada = log tan5, 
we may infer at once the integrals of 
sec’, seca, sec’a, ...; cosec%xv, cosec’s, ete., 


by successively putting n=1, 38, 5, ete, in the above 
formulae. 


Thus [sccte dx =+ tan # sec x+4 log tan(2 47), 
[ secha da =f tan x sec’x + 3 | seckx 
=} tan «seckx +2 tan « sec x + 3 log tan(“ aa =), 


etc. 
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71. Such formulae as A are called “REDUCTION” 
formulae, and the student will meet with many others 
in Chapter VII. We postpone till that chapter the 
consideration of the integration of such an expression 
as sin?wcos’e except for such cases as have been 
already considered. 


72. Since a positive power of a secant or cosecant 
is a negative power of a cosine or sine, and a positive 
power of a cosine or sine is a negative power of a 
secant or cosecant it will appear that we are now able 
to integrate any integral positive or negative power 
of a sine, cosine, secant, or cosecant. 

INTEGRAL POWER OF TANGENT OR COTANGENT. 


73. Any integral power of a tangent or cotangent 
may be readily integrated. 


For [tanne da= [tan ~2a(sec*x — 1)da 
= [tan 24 d tan x — [tan 29 dat 


aA 
= a C a [tan 2 da. 


And since [tan x dx =log sec x, 
and [tants df= {i sec?a —1)da=tan x—@, 
we may integrate tan®z, tan‘x, tan?a, ete 

Thus we have | tan*e da = J tan x(sec*x — 1)dax 


tan2x 1 
=—_“ — log sec a, 
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/ tanty da= if tan?x(sec?a — 1)da 


__ tan3x 


—tanv7+.2, ete. 


By continuing this process we shall evidently obtain 


2 


i tna Rs WEN lpenne rp 
‘ Qn—1 -3 § W-5 


+(—1)""tan 7+(—1)"2, 


ee ih Hebe Foals tan?" tan?"="7 tan?"=47 
; Qn Qn-2 § m4 


+(- 1 (—1)"log sec x. 
Similarly 
fect i= Jeot” ~2a(cosec2x — 1)da 


COM ae 
n—1 


— Jeot = 270g, 
whilst feot adx =log sin x, 


and Jeot% dn = J(coseeta —l)dx= —cota—a; 


and therefore we may thus integrate 
cot?x, cot‘x, cot'x, ete. 


Hence any integral power of a tangent or cotangent 
admits of immediate integration. 


dx 


74. Integration of le eee 


, ete. 
We may write a+b cosa as 


Ped in® ) ( ada *) 
a( costs +sin% +b CO8"5 sin’5 5 
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1.€ (a+ b)eos*s +(a-— b)sin’s, 
or (a— b)cos®~ a + tan’ |. 
G—=0 2 
if 40 
~ sec2—dar 
Thus | ipl OT — 
atbecosa a—bja+b x 
+ tan?— 
a—b 2 


or 


CasE J. If a > b this becomes 


a 
9 I tan 3 


Fit os 


—— —_——— tan ——, 
a—b ees ae 
a—b a—b 


or mere) an-{ 4/254 tan 4 
/a2—b? a+b He 
- Since 2 tan-1¢=cos- aa 
we may write this as 
1 ee = tan’, 
Gia cos eae 


79 


Lean 


80 INTEGRAL CALCULUS. 


il _0+4 cos & 
n/a? COS a+b cos & 


or 


Case II. If a <b, writing the integral in the form 


2 | fet Sie oi (2) 
b—aJb+a_,. o& 
b—a 2 
in place of the form (1) we have in this case by Art. 54 
b+a © 
| di ea ee Apres) 
atbeosx b—a y =e" (Ee ae 
Sank 
1 pa ae 
= >, log ———__—_—___—_. 
sae Jb-+4—r/b=a tan 5 


By Art. 33 this may be written 


e tanh-! b-a ue 


JP a ba nD 
or, since 2 tanh~!z=cosh> = a fs 
we may still further exhibit the result as 
fie b-a tant 
: cosh —+ ast 2 
r/b?— a? po tan” 
b+a 2 
_,0+acos & 


or === 008 ae 
Ja toaecete 
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We therefore have 


2 a—b, «2 
eal} —_—_— = 
Jat— erags : es Nagas 


ee 1 cog EH OOS, eae: 
~~ Ja? — 6? a+b cosa’ 
de | 2 b—a, « 
| ee a oe ,tanh-? bed tan5, 
1 Jb-+a+/b-atans, 
i.e. —— log, pa<b. 
Vea! Jora—/b-atan® 
ihe i aie +a cosa 
JP a a+bcosa 


These forms are all equivalent, but one of the real 
forms is to be chosen when the formula is used. 


it : 
a+bcosa+cesine ” be im- 


75. The integral of 
mediately deduced, for 
bcosw+esina=/b?+ Peos(@ - tan¥2), 


and therefore the proper form of the integral can at 
once be written down in each of the cases a greater or 


less than x/b?+ c2. 


Bx. [ ue a (where tana=4) 
13+3coset4sine J 13+5 cos(a — a) 
1 go 13 cos(# — a) 


= iste 13+5 cos(x— a) 


Dg eds cos(a“ — a) 


~ 12 13+5 cos(a— ay 
it 2 “-a 
t aah tan i 
or qian" s 5 


E. I. C. F 
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76. The integral |! may be easily deduced 


a+bsin x 
by putting 
aie 
G=oty, 
da a dy 
then lactima leap aay 


and therefore its value may be written down in both 
the cases a = b. 


Of course it may be investigated also independently 
by first writing a+b sin @ as 


x 
a( cos®s + sin”. | + 2b sin = COs = 


” 2? 
aa 2 
or cos (a +2b tan ~ Sat a tan” 5). 
The integral then becomes 
dt is 
a b —b” 
(a ee 
and two cases arise as before. 
77. The integral los may be similarly 
treated. 
| da re | ' da 
Te conn a( cosh’ —sinh?- 5) +0(cosh’s +sinh*s ) 


2 d(tanh 5) 
dina 
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: ; 2 aguas: 
if = a, this (a tan ee tanh 5 
which further reduces to 


costa cosh w 
r/b?—a2  a&@+beosha’ 
and if b < a the tS is 


a5 a me nh- Ae tanh? 
a 


which further reduces to 


re p-ete cosh # 


== C08 ‘ 
a2 — b2 at+tbecosha 


78. Similarly the integrals of 
1 


1 
a+bsinh a wad of a+bcosha+esinha 


may be easily obtained. 


iz EXAMPLES. 
+ 1. Integrate _Nian a gy a 
sin £ COS 
t B cave sec x dx 7t 
2. Integrate (i.) J ae ae 


oa 
” J (asin «+b cos.x)* 
i 3, Integrate HG. ) = 


one 
(ii pee reel 6. 


csin 6+ecos6 
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“mer 4. Prove that, with certain limitations on the values of the 
constants involved 


—o™ cos 4/ 2% 
(a —a)(a— B) a—B 


and integrate if ey (#—a)(B—x)da. 


5. ate 


; dx 
a Gi) i= — Beasts Pep we. lee —sin x)— cosa” 
he /2 da 
n. [SSS Sassy Vv. = 
Un) late &) |s bem ran 
ee) | cosa+cos x’ 2) ie sine 4 oa? 


2) 


(vii.) Poses - 


cOSa+COS 2% 
* 


us 
and (viii.) prove IP — ae 5 cosec 0. 


eG. BNET (i.) if nest 
X-A+tNKX 


mc — — Se a) 


C& / @ 
Naxn+b+Na'c+0' 


he) 
Th ban t pees pe A ee), 
Pe a 15 sin?6—16 cos 0 
8. Integrate | i ODENSE 
sin 7+sin 24 


9. Integrate Joos 20 log 208 O-+8in 05 O76 
cos —sin @ 


10. Integrate if cosh #+sinh & sin 7 es 
l+cosz 


—j. 12, Integrate | =" de. 
\¢ J1+sin a 
13, Integrate {°° — 
1+cosec @ 
tana dx 
14. Integrate | —————. 
: JVa+b tan2x 
We 
F ee! 
5 pe 15. Evaluate | ene hia 
0 
16. Integrate ‘ aioe sta lly Oy 
log tan 7 
17. Integrate ‘ sin 6 —cos O79, 
/sin 20 
18. Integrat cot P—3cot3 36 
i i 3 tan 30—tan 0 
\ 
~*~ 19. Integrate [-< 
aN a” +a" 
ada 
Teste pose 
ntegrate ite eae 
in 2a da 
i Integrate | ——_ 
z ce laa (a+6 cos #)? 
22. Integrate J NI —cos 6 
cos G1 + cos 6)(2 + cos ae 
23. Integrate fi I+sing 2+sinz,, 
J—sinz  2—-sine 
sin 6 —cos 0 
24, Integrate / ee dé 
‘ (sin 9+ cos 6)Nsin 6 cos 0 +sin?6 cos”@ 
39 dA 
25. Integrate sin?6 d 


SUNDRY STANDARD METHODS. 


. Integrate / Ji+sin x da. 


J (1 -+cos?0W 1+cos’6 +cos' 


85 
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26. Integrate / sin-1 oat AL. 
1+.2? 


——— 27, Integrate yee + Ode 
—2 


28. Integrate | Sn 2 da, [oe 2 a (ee 


g 1x, é dx, and prove that 
sin 24 sin 34 sin 4 


: ( r) 
sin( 7 — 2 
5 
5 ~sin F log ———_— }. 
sin(« +27) sin(w +7) 


(Trin. CoLx., 1892. ] 


sin(« — 27) 
bf S72 da=sin 2 wali Fsyig oem eeens 


sin 54 


CHAPTER VIL. 


REDUCTION FORMULAE. 
REDUCTION FORMULAE. 


79. Many functions occur whose integrals are not 
immediately reducible to one or other of the standard 
forms, and whose integrals are not directly obtainable. 
In some cases, however, such integrals may be linearly 
. connected by some algebraic formula with the integral 
of another expression, which itself may be either im- 
mediately integrable or at any rate easier to integrate 
than the original function. 


For instance it will be shown that [(ce+o%tan can 
be expressed in terms of [(e+ae)tde, and this latter 
itself in terms of [(@+omtde, which being a standard 


form the integral of [e+arytae may be inferred. 


Such connecting algebraical relations are called 
Reduction Formulae. 


80. The student will realise that several reduction 
methods have already been used. For instance the 
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method of Integration by parts of Chapter IV., and 
the formulae A of Art. 70. It is proposed to consider 
such formulae more fully in the present chapter, and 
to give a ready method for the reproduction of some 
of the more important. 


81. On the integration of ~”-1X” where X stands 


for anything of the form a+bx”. 
In several cases the integration can be performed 
directly. 
I. If p be a positive integer, the binomial in 
w™-\(a+ ba) 
expands into a finite series, and each term is integrable. 
Next suppose p fractional = - vy and s being integers 
and s positive. 


IT. Consider the case when - iS a positive integer. 


Let X =a+ba"=2, 
“. bna"-lda=sz-1dz 
and fom x ae = E fam a es dz 
bn. get 


and when a 2 positive integer, this expression is 


directly integrable by expanding the binomial and 
integrating each term. 


III. When 7 1 ® negative integer, the expression 
gfts-1 


™m 


(—a) 2 
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may be put into partial fractions, and the integration 
may then be proceeded with (Art. 58). 


tye i a+ is an integer positive or negative, we 
may proceed thus :— 


eure 


fom-2(at ba) dn = |  “(b+aa-")'dx, 


TN 
m+— 


and by eases II. and III. this is integrable when 


is either a positive or a negative integer by the 
substitution b+axa-"=z*. That is, the expression is 


integrable when te is integral, positive, or negative. 


Three cases therefore admit of integration im- 
mediately or by simple substitution. 


(1) p a positive vnteger 


(2) = an integer. 


(3) = +p an integer. 


Ex. 1. Integrate f (a8 +08)Pde, 


mM ‘* 
Here m=6, n=3, and —=an integer. 
n 


Let C+e=27, 
so that 3x°da = 22 dz. 


Then the integral becomes 


g Qe 4 
eens ee eee eae \ieeete 
{c eg Ae 3 
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1 1 
Ex. 2. Integrate | x(a + a)? dx. 


A re , 
Here m=3, n=3, p=, and 7 +p is an integer. 


The integral is / a1 + abe) de, 

Let ltan =2% 
then — sf ae =O Oey 
and the integral becomes 


| Cede= 3 a | le 
~ 8a3 (2-1) ” 


which might be put into partial fractions. If, however, z be put 
=sec 0, the process of putting the expression into partial frac- 
tions will be avoided and the final integration may be quickly 
effected (Art. 70). 


82. Reduction formulae for ama + bare 


Let a+ba"=X ; then fom-1X0da can be connected 
with any of the following six integrals :— 


Jom ee ee fom SD Carer isi 
fom hE Xe dae. fem “1X Pda, 


fom =1p—al) Pty, fame SIO ldg, 


according to the following rule :— 


Let P=a*lX"*! where X and u are the smaller 
indices of « and X respectively in the two expressions 
dP 
dE Re- 
arrange this as a linear function of the expressions 
whose integrals are to be connected. Integrate, and 
the connection is complete. 


whose integrals are to be connected. Find —— 
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Ex. i. Connect i a™A1XPdxz with | BOX da. 


Let Pee: 
dP _ 
daz 


aX 
Th i m— 1yp yay EO pe il 
en MX + 2"pX a 


=m XP bn tt Xe 
=m2x™-"X? + pna™—1(X — a) X?-} 

[ Note the rearrangement “as a linear function, etc., etc.” | 
=(m+ pn)" 1X? — apna” XP. 

Hence P=(m+pn) | a” XP?dz —apn i die Cael 


or iy 2" X?dz= am X? pads sh | peda eo het 
m+prn m+pn. 


The advantage of this reduction is that the index of 
the usually troublesome factor X? 1s lowered ; and by 
successive applications of the same formula we may 
ultimately reduce the integral to one which has been 
previously worked, or which can be easily obtained. 

i 5 
Ex. 2. Thus, for instance, to find [e+ a?)’d« we may con- 
nect this integral with [e+ a®)*de, and this again with 
1 
| (a? + a*)?dx, and this last is a standard form. 
As the reduction is used twice, we will connect 
i (w+ a®)*da with [ (v7? + at)? de. 

Let P=2(x*+a2)", 
oP = (#2 + a2)? + n*(a? + a)? 

=(x2+ a2)? + n(a2 + ps a)? +2)? 

[Note the preparatory step which might be performed mentally | 
=(n+1)(a?+ a2)? — naa + ay? 


which is now “rearranged us a linear function, etc., ete.” |. 
] > 


¥ 
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Integrating, P= (n ab, 1) [(@*+ a?) na? [ (a? a a)? dar 


and / (a? + + aide = en (ie =f (2? + + a2)? "de. 


Putting n=5 and n=3, 


/ (a? + a2)? dbo see a? ih (a? + a2)*de, 


i (02 + a2)? dn ane) + ay +7 3 a2 / (a2 + a2)?da, 


24 2\% 2 
and [e + a®)? de SU! Ege sinh-"% 
2 2 a 
Then 


24 a2 

/ (2? + a®)? de = (a? + a?) oe 5 otal a?-+ a2)? 
6 6.4 

Goo ete he oe eee 

Wire ae + a?) eee 3@sinh = 


2a ae 
Ex. 3. Calculate the value of | a" Qa0—ade, m being a 
0 


positive integer. We shall endeavour to connect 
if 2" N2an—x2de with / 2” 200 — xda, 
: m+s 4 : m—t t 
0.e. fe ?Qa—x)*dx with [e "(Qa —2x)* du. 
pare 3 : 
Let P=«”**(2a—.)" according to the rule, then 
S 


1 3 1 4 
aa hm +$)a”"?(2a—a)? —82”""*(Qa-—2)? 


=(2m+ Lax” (2a - x)? (m+ 2)0"*? (20 - xy), 
Hence 


(m +2) i ao” 3 (90 —2)'de 


m+e Bd opel 1 
= 2" (2a —2)* + (m+ 1)a fa” 7(2Qa—2)*dx 
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2a 
or ie 2”) Pax — 2x*dax 
0 


See a ea ae erm 
m+2 m+2 I : 


2a ————— 
Once the I ber | a") 2an— x*dax, and m be a positive integer, 
0 
1,a2Mt lg 2mM4+1 Wm-lipy 


m+2 m+2° m+l1 
_@m+1 j 2m—-1 ; IES ETS 
m+2 m+i1 m 


_2m+1 2m—-1 2Z-3 5 
Neo Tee Sine 4 


2a ———— 
Now to find J) or f /2aa— ada, put 
0 


3 om 
-5°2 Vig 


x=a(1—cos 6). 
Then dx=asin 6d0 
and Jax — x“? =asin 6. 
Also when z=0, we have 0=0, 


when #=2a, we have =m. 


Hence I= [" asin? dp== ("0 —cos 20)d0 
0 


0 


(2m +1)(2m—1)...3 gntit (Q2m+1)! mam 
(m+2)(m+1)...3 2 mi(m+2)! 9" ~ 


Hence = 


EXAMPLES. 
Apply the rule stated in Art. 82 to obtain the following 
reduction formulae (when X=a+6x”) :— 
z mXP+L m+ pntn fm 
i, LOGY es = he m—-1lV Pty 
J? “a an{p+1)* an(p+l) 4 


lee eal (m—n)a mn YP] ay 
A IE RR t senmerry en earn 3 
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3. [ 2m AXPde =o A" eae) / ate TX ele, 
am am 


Poy ee en ee m—n-lY Pty 
. Je ane bn(p+1) bn(p+1) i s 


sm Vp 
am AX Pedy, =e x” _ DMP f pm4n—1XPAglep 
Mm nV 


eK 


m+1 


2 3 
Integrate out z"log x, x™(log x)*, x™(log x)°. 


en 2 m, i 
6. [2 Qog.a)rde _ 2" *W(log #) -Pfe (log x)? dx. 


7. Obtain the integrals of a”! (2axe—x?)da for the cases 


m=1, m=2, m=8, and their numerical values when the limits 
of integration are 0 and 2a. 

83. Reduction formulae for |sinra costa dx. 

A similar rule may be given for a reduction formula 
for [sinva costa da. 


This expression may be connected with any of the 
following six integrals :— 


[sin» -2¢ cost da, [sins costa da, 
[inne cos? ~ 24 da, [sine cos?t2x da, 


[sine -27 costt a dx, [snr cos! - 24 da, 


by the following rule. 


* A+1 ; 
Put P=sin"*'xcos’*'z where X and yw are the 
smaller indices of sina and cos2 respectively in the 
two expressions whose integrals are to be connected. 


ene ; 
Find ae and rearrange as a linear function of the 


expressions whose integrals are to be connected. 
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Integrate and the connection is effected. 
Ex. Connect the integrals 


| sin?z costa dx, 


/ sin? “x costa da. 
Let P=sin?—z cost, 
iE ey ee) Qt2y in?xr q 
mee — 1)sin?~*a cost+?2— (q+ 1)sin®x costx 
=(p-— 1)sin”~*x costx(1 — sin*’x) — (¢ + 1)sin?x cost 
=(p—1)sin?*x cost” —(p+q)sin”x costx 
{ Note the last two lines of rearrangement as a linear function of 


sin?z cosiz and sin?~*x cost], 
* P=(p— | sin?~z costa dx —(p+ @)| sinr costa dx. 


_sin?"zcostt!e | p—1 

ptd Pt+d 

It will be remembered, however, that in the case 

where either p or qg is an odd integer the complete 

integration can be effected immediately [Arts. 64, 67]. 

The present method is useful in the case where p and 
q are both even integers. 


sin?—2x costa dx. 


ig . 
Hence | sin’ 2 costa da = 


EXAMPLES, j 

Connect the integral / sin?x costz dx with 
ie [sine costa dx, 
| sin?z cos!—*x da. 
sin?x2 costt?a da. 


sin?+?7 cost—2a da. 


4, f sin?—2x cos’t+?a da. 
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: cosxsin™ 17 n—1f.. n> 
6. Prove that [ sin*s de= — 2 - | sin” 2a dx. 
: n n 


Employ this formula to integrate sintz, sin°v, sin’z. 
7. Establish a formula of reduction for il cos” da. 


sintx 1 


8. Integrate sin‘z cos*x, -) = = 
cos’z sin*z cosa 


84. To calculate the integrals 


Tw wT 
Oy Lm 
S.=| sin’x dx and Cn={ cos" x da. 
0 0 


Connect [sin da with [sin 29 ola. 


Let P=sin”-1x cos # according to the rule; then 


dP 


ne (n—1)sin”~ x cos’ — sin"x 
=(n—1)sin”-2%—n sin” 
? 


: sin”-17 cosa n—If. 
i [sine d= —SB S082 -5 sin” 2a da. 


Hence since sin”-!wcosa@ vanishes when 7 is an 
integer not less than 2, when x=0, and also when 
We 
@= 5, We have 


, n—-l n-1 n-38 
S,=—— + Sn-2= ea noo» 
_n-1 a—3 m—5 


n n—2 n—4 


-Sa-6=Cte,, 
if be even this ultimately comes to 


Maeno ee 
s,= n escrr es 1 da, 
oO 
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F —t%=—1l n—3 31 x 

thatis S,= a oan ay eee 
If m be odd we similarly get 

rT 

m-1 n—-3 4& 22. 
Pa Oe oe el sin «da 
0 
oe x 
and since | sina dx = | —cos a =] 

0 


0 


CL Oe ee 2 
m—2°° 5 3 


7 
we have S,,= 


wy 


In a similar way it may be seen that | cos"x da has 
0 
precisely the same value as the above integral in each 
case, n odd, nm even. This may be shown too from 
other considerations. 
These formulae are useful to write down quickly 
any integral of the above form. 


a Ve tia? 
10 = 
Thus [isin 6d GE! 


0 


z : 8642 
9 ag 
i sin 6d D7 5 3 


[The student should notice that these are written down most 
easily by beginning with the denominator. We then have the 
ordinary sequence of natural numbers written backwards. 
Thus the first of these examples is 


(10 under 9) x (8 under 7) x (6 under 5), ete., 
stopping at (2 under 1), and writing a factor =. But when the 
first denominator is odd, in forming such a sequence it ter- 


minates with (3 under 2) and no factor . is written. | 


E, I. C. G 


98 INTEGRAL CALCULUS. 


85. To investigate a formula for ['sinvo cos’6 dé. 
0 
Let this integral be denoted by f(p, ¢); then since 
sin?-1@cos?t19 ~ p—1 
pt+q pt+q 


we have, if p and q be positive integers, and p be not 
less than 2 


[sina cos’6dé = [sine -29cos10dd, 


Sp, )= be ho- 2, q). 


Case I. If p be even =2m, and q also even =2n, 
2m—1 
2m +2 
(2m — 12m —3) 
~ (2m+2n)(Qm + Qn — 2) 

» (2m —1)(2m—38)...1 
(2m + 2n\(2Qm + Qn —) ... (Qn +2) 


F(2m, 2n)= f(2m — 2, 2n) 


f(@m—4, 2n)=ete. 


z Qn—-1 2n-3 1 
d 0, 2n)= 6d = 2n—-8 12 
an KO, 2n) | cos”"@ dé HH Oa 


fe mn, 99) ale 8-5 ++ (Qm— DIL. 3.5... (Qn-1)] x 
ok CEE ee) 2.4.6...(2m+2n) = is 


Case II. If p be even =2m, and q odd =2n—1, 


2m—1 

2m, 2n—-1)=—“™—* _ (9m —2, In—1)=ete. 
(2m, 2n—-1) Prepares Licae , 2n—1)=etec 
(2m —1)(2m—3)...1 


~ Qm+2n —1)\(Qm+2n — 3)... Grrl 2n-1), 


7 In-2I%m-4 2 

0, 2n—1 ={ 6810 ip a ae 

onde a) uf amet 2n—1 2n-3 °° | 
_[1.3.5...(@m—1)][2.4.6... (Qn —2)] 


ae.  f(2m, 2n—1) 1.3.5...(2m+2n—1) 
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Case IIL If p be odd =2m—1 and q even =2n, 
we obtain similarly 


‘ _[2.4.6...(2m—2)][1.3.5...(2n—1)] 
ie oa 1.3.5...(2m+2n—1) 


This may also be deduced at once from Case IT. by putting 


— Tv — 
6 mo dp, 
z 70 
for | sin”6 cos?6 dO = cos’ sintd(— 1)dd 
Ys z 
os 
=| sintd cos’h dd, 
0 
so that KP, D=IM@ P)- 


CasE IV. If pbeodd =2m—1,and q odd =2n—1, 


2m —2 
2m —1, 2n—1)=— 2m —3, 2n—1 
fam n=) om-+9n 9 el) 


(2m —2)(2m — 4) Se ec ee 
Gianna ee 


(2m —2)(2m—4)...2 , 
= a, LoDo nD) Cay ee 


z 2n E 
and f(1, 2n—1)= [ sin 0 cos”10.d0 =| a ah Zs 


pe ee ee) 
2.4.6...(2m+2n—2) 


.. f(Q2m-1, 2n-1 
86. Expression in a single rule. 


These four formulae may be expressed under one 


rule as follows :--- 
Let I'(n+1) be a function defined by the relations 


Tint)=nT(n), TA)=1, TQ)=,/z. 
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These relations will be found to sufficiently define 
I(n+1) where n +1 is either an integer or of the form 
Dis j| 

5° 
k being a positive integer. 
For instance, 
T(6) =51(5)= 5.41 (4)=5.4.31(3)=5.4.3. 21 (2) 
=5.4.3.2.11(1)=5! 
TOA})=30@)= 2.41@)=2- 
=2.$.3.3.31Q)=3.3 
This function is called a Gennne function’ but we 
do not propose to enter into its properties further 
here. 
The products 


2-$.3-30G) 


bokeo 
SS bos 


which occur in the foregoing cases of | sin?@ cos? dé 


0 
may be expressed at once in terms of this function. 


or p(204?) tet a8 EPs), 


2 2 2 2 2 
so that 1 Seb One N=FT ee. 
ete ee | Qn _2n ae In —4 ee, 

2 2 ee 2 2 
so that 8 Once NO = ann (2242), 


Hence in Case I. 


oe } io Phy yp ee Gare 
q=2n. ; sear ead 


a 
2 
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In Case II. 
= m 1 z ioe Dh GEES 
p=2m, \ [ sur0 eos d9— Nt Ge ie 2 ) 
g=2n-1. —— 
Nis 2 
pan g+1 
Blo oe a 
ar —_— 
In Case IIT. we evidently have the same result 
In Case IV. 
fe gn-ip (P41) 9eap (G41 
me is [‘sin0 costo a= ( 2 ) ( 2 ) 
g=2n —1.) J anenap (B4d+*) 
2 


(Dae! g+l1 
eae ie) 
pt+qt2 
a(t) 
It will be noticed therefore that in every case we 
have the same result, viz., 
: ae) 
z 2 2 
| sin?6 cos?6 d@ = = , 
0 ee!) 
and that the Pray 1 occurring in the denominator is 


the sum of the 2 a and the ae: in the numerator. 
This is a very convenient formula for evaluating 


quickly integrals of the above form 


= T)T(2. 

Thus | sin®@ cos8@ dé ae 
_§.$.4Nar.5.§.8.4N0_ 50 
7,6.6.4.3.9.1 


ae 
Ze 
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87. The student should, however, observe (as it has 
been pointed out previously), that when ether p or q 
or both of them are odd wntegers, the expression 
sin?@ cos’@ is directly integrable without a reduction 
formula at all. 


For instance, 
nt 19 
[sino cos’36d@ = [sinvoc —sin?@)d sin gee = sj 2 


z 
and / sin®@ cos?9 dd =4—4=25. 
“0 
Similarly, 
g 0 
[ sin’ cos?6 dé= — i, cos?@(1 — 2 cos?6 + cos*@)d cos 6 
“0 1 


3 5 
But when p and g are both even and the indefinite 
integral required, or if the limits of integration be 


3 5 7970 
cos*@ , ,cos’@ _ cos’@ Teo epee 
=| - ae ear ; t3- TT TOR 


other than 0 and S we must either use the reduction 


formula of Art. 83 or proceed as in Art. 67. 


EXAMPLES. 


Write down the values of’ 


aT T us us 
rag 2 vy 7 
I, [ sin’v dv, i sinty da, if sin’v da, / cosa da. 
0 “0 0 0 


nT nT Tr 
vy 2 we} 
2. / sin®z costy dx, / sin’x cos*v da, | sindx cos’a dx, 
0 


0 


z 
/ sinx cos’ da. 
0 
3. If 0, represent the product 1.3.5... to 7 factors, 
and L, represent the product 2.4.6... to 7 factors, 
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prove the formulae 


(1) [ sintvo cos’”@ d@ as 4: 
0 


m+n 2 


(2) je "sin" cos?™- 1949 =Onbn- =| *sin?"20 cos" dO. 


m+n 0 


(3) [ sin™9 cos??6 d0= Ent na 
“0 m+n—-1 
4. Write down the indefinite integrals of 
/ sin’ cos 6 d6, | sin’ cos’ dé, [sinto cos’@ dé, 


[sinto cos?6 dé, [sive cos*@ dé. 


Evaluate a 5 i 
Ds [sw cos*6 dé, [ sino dO, ie sin? cos'@ dé, 
0 0 0 
J simto dO. 
0 
A é 5 
6. *cos?20 do, J cos*3¢ dd, i" cos8¢ sin*6¢d dd. 
0 0 0 


7 


7. Deduce the formulae of Art. 84 for / iene dz from the 


COs 
r(e*) Ty 2 | 
eae 2 ot Art, 86. 


ai) 


0 


result 


EXAMPLES. 


——~ 1. Prove that 


(a) [eos dp =2. tan pcos" + (.- 3) feos ad. 
(b) [sccmg dp=— tan p sec?” + (1- 1 3) [sec 1h dd. 
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Re 2. Investigate a formula of reduction applicable to 


‘\ - 
- if “(1 +2") da 
when m and » are positive integers, and complete the in- 
~~ tegration if m=5, n=7. (St. JoHn’s Cout., Cams., 1881. | 
3. Investigate a formula of reduction for 
i oda 
(1-2) 


and by means of this integral show that 


] 1 1 bo & il a Reid il 
On+2'2° Im+4*2.4° In+6' 2.4.6 It+8 
Dh EOD cos 2D 
Bp nf csneyaae ll, 
Sum also the series 
1 1 ik gers il 
In+1 +2 In4+372.4 I45 


+... ad inf. 


eee 
~6 QWn+7 
(Maru. Tripos, 1879.] 


+... ad inf. 


4. Prove that 


/ (a+ et da =5 


antl, i 
eae a | (a +2") 2 ax: 


+f 5. lf d(n)=a7"— im a ar CE prove Hn) = seas p(n - 1). 
6. Find reduction formulae for 


ers oe 
(a) iE (a+ be)” *de, Y) eres 


2p+1 
(B) famee+ a) ® ae, Ole we 
and obtain the value of i aa — 1) tae. 


Ih. 


i} 


[CoLLEGES, CAMB. ] 
7. Find a reduction formula for | e*“cos"“ dz, where n is a 
positive integer, and evaluate 


“Zeosta da. 
| Eck: [OxrorD, 1889. ] 
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a 8. Find formulae of reduction for 


a’sinadx and e“sin’x dx. 
Deduce from the latter a formula of reduction for 


i cos ax sin"x dx. [COLLEGES , 1890.] 


Tr 


OF lt p= fp “sin” dx, 
0 


{J 1 
rove that 5 =(1 = 5) bob 
e e Qn tier NIrV 


1 fl, (2n-1), Qn—1)2n-3) . 
d ded L= 
ee oat n* n(n —1) n(n—1\(n—2) = 
4 Qn- = Beg 
Qn(2n—2).. 8 
a Tripos, 1878.] 


10. Show that 
(m+n)(m+n— 2) | sind cos"? d6=(m—1)sin™+"@ cos"-16 
—(n—1)sin™ 16 cos"*?9+(m—-1\n— 1) [sinn-*0 cos”-°6 dé. 


(TRIN. CoLt., Cams., 1889.] 
11. Prove that 


: ee Gy 1-8-5...(Qm—1) w_ 2.4.6.9 1. 
1l+27 5 AG OTe 1! see Pls -Qm+1) 2 
can 12. Find a formula of reduction for = Show that 
wt 
1 
DAG 2021 [ 1 ile Be 1.3... (2n—1) | 
1 hoe 
Mreeerr i, 2 2.4 8.40.80 


= ay 2) 2 1 n 
= > -1 —(#—1 Bec a | 
1+,(¢ aa lees Lor pals ie 


where ay, a, ... are the binomial coefficients. [Sr. Jonn’s, 1886.] 
13. Show that 


OHE if cos mz cos™x dx 


sin 2a, m(m—1) sin 4a 4 sin Qn 
ee 1.2 4 ae Din 2 


where 7 is an integer. [COLLEGES a, 1885.] 


=C+xa+m 
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14. Show that 


rT 


a on —  (Qm—2)\(Qm—4)...4.2 
i GIR SES pee see Sen OREO) 


cae m being a positive integer. [OxFoRD, 1889. ] 
15, Prove that if 


In, n= i cosa” sin nx dx, 


(m+n)In, n= — cosa cos na +mIn-1, n—1, 
eve 25, 2° 2” 
and es m | =gen( 2+ 2 ot, 3 ayia m : (BERTRAND. ] 


16. Tf Ln, n= foosme cos na dx, 


prove that. fc cos*nx a es mm — 17 


Gar Ths —2, 
m:—n* dx\ cos nx m2 —n* 2 


and show that 
z % 
bres al See a ' 
—n 0 
17. If Um, n= / /cos™@ sin nx dx, 
0 


i m 
Mtn M+N 


prove that) Un, n= m—1, n—1- 


Hence find the value (when m is a positive integer) of 
T 
2 . 
i cosa sin 2ma da. 


, [y, 1887.] 


= 
18. Prove that / cos" cos nv dx= 
nek [BreRTRAND. ] 


19. If m+n be even, prove that 


! 
fs cos” @ cos nO dO = —— Eo Riek aA 
» re m+n, m—N, 
a |! ! 


a 


[CoLLEGEs, 1882. ] 
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} 20. Evaluate the integral 


Tr 
Se 
il e—™ cos” £ da. 


ar 
z 


[CoLLEcEs, 1886. ] 


3 
PAS ne | cos” cosnxz dx be denoted by f(m, 7), show that 


Tm, = = =e 1,n+1)=—” Jim—1, n—1). 
[OxrorD, 1890. ] 


22. Prove that if m be a positive integer greater than unity, 
rf n—2 mn 9 1 
| COS Se sin ee 
4 n—l [OxrorD, 1889. ] 
0 = . 
23. Find a reduction formula for the integral [optae. 
sin & 


Os mm 
sin” ; 
24. If um, = ~— dx, where m is not less than n, and m, 
x 


are either both odd or both even integers, show that 


(n—1)(2—-2)Um, n+ Mm, n—-2— mm —1)lm—2, n-2=0. 
25. Tf i | Orbea 
show that i G a ee + Bury at Cuin-2, 
ge = 1 @ : b” =a ae = ae 
Show that ewe ale es 


z 
[ (Ainge Gat 16 
e being less than unity. (Sr. Jonn’s Cout., 1885.] 


26. Prove that / sine 


dz can be integrated in finite 
a+bcose 


terms when m is an integer. 


On, Mae Wf fess ( athe ae = ay prove that U,, can be calculated 
at+be 


from a formula of reduction of the form 
AU, + BUn 14+ CUn_2=sin™t12(a+ 6 cos x)-”+}, 
and determine the constants A, B, C. [B, 1891.] 
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28. Find a reduction formula for the integral 


andx 
(log a)” [OxrorD, 1889. | 


29. Find a reduction formula for 


| andi 
(ax? + 2bx +e)? [B, 1891.] 
30. Prove that if Y¥=a2?+ar+a? 


Ek +a + 3na? a1 
Fle= x? = | x des 
i © Gl) ee) ss 


(Sr. Joun’s, 1889. ] 
81. Find reduction formulae for 


(a) / tanh"« de. 


da 
(8) le +b cosa+csin x)” 


Y) / sin’ 4 
32. Establish the following formula for double integration by 


parts, uw and v being functions of w, and dashes denoting differ- 
entiation and suffixes integrations with respect to # :— 


| [oan =U, — 2u'v, 4+ 3u"v, — 4u!"0, +... 
+(=- 1)? wong +(— 1 | Wn 4 AG + (- 1 | de [uronde. 


ia, 1888. ] 


CHAPTER VIII. 


MISCELLANEOUS METHODS AND EXAMPLES. 


INTEGRALS OF Form Le 
Any 
88. The integration of expressions of the form 
dz 
es 


can be readily effected in all cases for which 


I. X and Y are both linear functions of a. 
IL. X linear, Y quadratic. 
Ill. X quadratic, Y linear. 


If X and Y be both quadratic the integration can 
be performed, but the process is more troublesome. 


89. CasEI. YX and Y both linear. 
The best substitution is :— 


dx 
L [= \——__———.. 
ss ees b)n/cu+e 
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Putting r/ cx +e= y; 
cda 
h <n d > 
we have NPE: y 
and aa+b=“(y?—e) +d, 


and J becomes 2 dy which, being one of 


ay? —ae+be 


the standard forms le is immediately integrable. 


Z. 
=a 


dx 
Ex. Integrate I= | A 
a (a+1Wa+2 


Let Ve+2=y, 
da 
then 0 
NVax+2 @ 
2d 1 1 
Th [ES ( a 
“e ia i yl y+1 a 


alot =) =logv2+2 ae 
Na 


90. The same substitution, viz., ./V =y will suffice 


for the integration of or when ¢(a) is any 


rational integral algebraic function of «, and X and 
Y are each linear. 


Ex. Integrate J= if da 
(w— REET 2 
Writing V7+2=y, we have 
da 


Siac Qdy and #=y?- 
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rt _ y—8y°+ 24y4 — 3277+ 16 
z-1 y—3 


=y° — byt + 9y? -—5 4+ - 
Kh 


so that 


1 
TB) 
(by common division). 


Thus 


1J= B= Bayh. Opt 1 ¢ 1 1 ) 
z Ily y+ DY ot 5B TENE jy 


Ly + 3y°— iy +5 log! — —/3 


2/3 “y+/3 
=Ha+2)'- (042) + r+2)t e+ 2)! +5 log vate 8 


91. Case II. YX linear, Y quadratic. 
The proper aa ee ie 


Put A= 


Let 


; 
eat ax + b) Sa 
Putting aetd=), 


we have, by logarithmic differentiation, 
adx dy 


and oat tertf=(i—b) +50 —b) +f 


a 


2 
met get ey say. 
Y 


Hence the ea has been Eee to the known 


ae 
aa 
ae J Ay a +0 
which has been already discussed. 
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Ex. Integrate I= |. ee —. 
(a +1) a? +4¢42 
Let w+1=y71, then = =— “4, and 


Wy 


-{ dy --f dy 
(+1) -2 N1+2y—97 


=a ViaG= i: = a ie oe ee 


92. It will now appear that any expression of the 


| p(w) a 
(a@+b),/ ca? + ea +f 

can be integrated, ¢(x) beg any rational integral 
algebraic function of # For by common division 


p(@) 


we can express (5 in the form 
AE 


form 


Aa + Bart . . +Kke+L+- > 
ax+b 


Aa" + Bar-14 ... +L being the quotient and M the 
remainder. We thus have reduced the process to the 
integration of a number of terms of the class 


a ees 
a/ cx? + en + 7 


and one of the class 


(aa-+b)/ ca? + ea+f 
The latter has been discussed in the last article, and 
integrals of the former class may be obtained by the 
reduction formula 


x” -1(cax? + ex +f) A 
C oe 


Fo) = ’R(r-1)-"—* Lir—2), 
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or 
Sea teat) ee 


The proof of this is left as an exercise. 


where F(7) stands for {5 


Ex. Integrate [= i G+ BL+5 atilge 
x 


+1) 2?+1 
Sat 24 3745 
By division fer et et 
y to) eo @ sip a 
’ 
Now .F = i =/7? +1, 
ines 
[- *  dv=2 sinh 
J+1 : 
and to integrate — we put 7+1 = and get 
(e@+1)s\07+1 y 
a |—“_— oo i dy 
1249 V2) Vy2—y +8 
YY 
. dy Bp AM! dears Treg 
ve. ae ce am 1.€. a (2y—1). 
Thus T= 2? +142 sinh- ty — 9% ginh- ae 
V2 l+a 


93. Case III. .X quadratic, Y linear. 
The proper substitution is -— 


Put /JV= y. 
c dx 
Let = eae) 
) (aa? +ba+e)r/ea+f 
Putting J/exntf=y, 
_ eda = dy 
QJect+f  ~ 
and aaz?+ba-+e reduces to the form 
Ay'+ By +C, 
BE. 1.0 H 
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D dy 
and I becomes | Ay + By ai 
i 
Now Taree a By? an ry ean be thrown into partial fractions 
as 
AYA be NY + 


ay +pyty a+ Byt+y 
and each fraction is integrable by foregoing rules. 


94. It is also evident that the same substitution 
may be made for the integration of expressions of the 


form 
| p(@) 
(av + ba +c) Nona 


where ¢(#) is rational, integral and algebraic; for 


DX, 


wae pe) 
when ,/ea+ fis put equal to y, Pe Luree reduces to 
2n 2n-2 
Tagen ae seein ES eer ar which by division, 


Ay'+ By?+C 
and the rules for partial fractions, may be expressed 
as 
Paypt 4p Pyne. Ts 
AY+h Ny + pw 
=F eam - Se) 7 7) 
at y+ By ty ay+ By+y 

and each term is at once integrable. 


“+2 
+30+3We+1— 


Ex. Integrate J= | 
(2? 


=2dy, and 


Putting Vz+1= =y, we have Be 
aL 
Va+1 
T= [ur +1)dy _ ( il il -)a 
ae ae he ve * 
ca ae a tan-127— — ee tan 


B 


2 tan7! 


NB V3 


Rua 
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EXAMPLES. 

Integrate the following expressions :— 
ot 1 “+1 v+a2+1 

aNe+l (w—INa2+2 (2-1 W0+2 (4+2Wa—1 

1 1 & v+e+1 
© aN +1 (w+ 102 +7 (e@+I Na+) (wt IVa? 42043 

3. 1 1 a“ 

(2+1N2 (a? +2a¢+ aWJa+1 (a2 +20+2N 041 

“+l 
(a? + 2+ Iwao +1 


95. CasEIV. X and Y both quadratic. 


We do not propose to discuss in general terms the 
method of integration of expressions of the form _ 
p(x) 
| Xie 
where X and Y are both quadratic and (gx) rational, 
integral and algebraic, as it is beyond the scope of 
the present volume. We may say, however, that the 


proper substitution for such cases is ,/==y, and the 


< 


student will glean the method to be adopted from the 
following examples.* 


Ex. 1. Integrate t= [ ge ———. 
(a2 +a2)\J a? +b? 
Putting ai wht OF 
gitar 
1 dy L pa et) 
y dx a+b? a +a? (a®+a*)\(a2 +b?) 
dy (2 —b*)x 


da; (a? + a2)? (a? ae b2)2 


* The student may refer to Greenhill’s ‘‘Chapter on the Integral 
Calculus” for a general discussion of the method. 
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aa 
24 G2\t 
Thus 7 becomes (w ae ) dy 
(a? — b?)x 
Also (v7 + a?)y? =a? + 0%, 
2 y2y2 
so that pee aE 
god 
2_ 2 
and peas 25 
eS 


il Vb — a 
2 > 


Thus reducessturther toy ——— |e 
a — 67) JR ay? 


. 1 ay 
1.0. I= _. cog“1 
an b?2 — a? b 


il oes b2 
a a<b). 
av}? — a2 8 ON atta ( ) 
If a>b, we may arrange J as 


1 Na? 
ae =f == dy, 


Jaepa ie 
we. [= ee cosh1°% 
(@+1)da 


Ex. 2. Integrate J= | — 
(2a? — 2a +1) N3x?—Q7 +1 


37a 
Putting Ni} cori ; 


Qe! —Qe+1 / 
we obtain ceed oon ! _ 2a 
y dx 3x0*-Qe+1 %w?-W+] 
a(%—1) 


(Ba BaF 12? — BaF 1) 


The maximum and minimum values ¥,? and y,? of y? are given 
by #=1 and #=0, and are respectively 2 and 1, so that for real 
values of 2, y? must be not greater than 2 and not less than 1. 
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a—1) 
ae Fe as oe rh 
2 
Thus 7 becomes 
_ [(Bx?—-2a-+41)(202-22+1) cs 20+1 £+1 dh 
(e—1 2 om 2 Y 
aa-1) 3x®—Qatl] (24?-2e+1)V 30-2041 
A De pee er 
— 227 — 2, dy. 
or le yy x22 —Qa+1 dy 
Now SAT tat te $1 
a(x — 1) 
ay pe 2_ Op a 
a =) M208 20 +1 
x—1 
2 1 


(Nia NP 
eee | fe = 2 ;\a 
| y—-1 s2-% —¥" 4 


=coshly+2 core 


=cosh-1 Ban? — 20+ 1 +2 cos—! 1 Ba?~ 2741 
2a? —2e+1 © 2 N29 —2e4+1 
EXAMPLES. 
Integrate 
a eens 
(0? + a2)Ja2+0? ana? — 1 
i 1 
_ 5. ae ky 
(a? —1)V a? +1 (2? + Qan+b?)J x? 4+ 2ax+e 
ees eC! a 
(22+ 1)(@ + 1)(2—1) (w—1)?(@+1)? 


"7 Ba +4 : 
(5a? + 8x)s/ 4a? —2a+1 
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a+bsinx+c¢cos x 
a, +6,sinw +¢,cosa 
This fraction can be thrown into the form 
A B(b,cos x — ¢,sin.a) 
(a, +,8in @+¢,cos 7) * (a, -+b,sin # + ¢,cos @) 
where A, B, C are constants so chosen that 
A+0Oa,=a, —Be,+Cb,=b, Bb,+Ce,=c, 
and each term is then integrable. 


96. Fractions of form 


97. Similarly the expression 
a+bsina+e cos & 
(a,+6,sin «+ ¢,cos x)” 
may be arranged as 
A B(b,cos « —¢,sin «) 
(a,+6,sin 2+ ¢,cos x)” — (a,+ 6,;sin «+ ¢,cos x)” 
(o 
ts b.sin w n- 
(a, + 6,sin @ + ¢,c08 @) 

and the first and third fractions may be reduced by a 


reduction formula [Ex. 25, Ch. VII.], while the second 
is Immediately integrable. 


98. Similar remarks apply to fractions of the form 
a+b sinh a+ecosh x a+b sinh w+e cosh w 


a,+b,sinh z+¢,cosh 2 (a,+b,sinh «+c¢,cosh «)” 


99. Some Special Forms. 
It is easy to show that 


sin # 
sin(# — a)sin(# — b)sin(a — ¢) 
in a 
= Ss sec cot(a— a), 


sin(a — b)sin(a —c) 
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sin2a 
sin(a — w)sin(x — b)sin(@ —c) 


and 


=: sinza, i 
sin( —b)sin(a—c) sin(«—ay 
sin 7 da 


sin(« — a)sin(# — b)sin(a —c) 


= y; sae log sin(#—«@) 
sin(w — b)sin(a —c) S e 
| sina da 


sin(a@ — «)sin(a — b)sin(a — ¢) 


whence | 


and 


xv— 


3 sin?a oe 
sin (4 —b)sin(a—c) 8 2 


100. More generally Hermite has shown * how to 
integrate any expression of the form 
(sin @, cos 8) 
sin(@ — a,)sin(@ — ay) ... sin(O — an)’ 
where /(z, y) is any homogeneous function of @, y of 


an —1 dimensions. 
For by the ordinary rules of partial fractions 


f(t, 1) :. Hes I) 
(i—,)(t— a) ... (6—Gn) (4, — Gg) (4, — Gq) ... (Gz — Gn) 
1 F{@o, 1) _ 1 % 


EG gaa —a,) .1+ (ig — An) t= Gy 
which may be written 
na Vad) if 
P2i(dy, — 8), — dy)... (lp — An) t— Oy 
(the factor a,—a, being omitted in the denominator 
of the above coefficient). 
* Proc. Lond. Math. Soc., 1872. 
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Putting t=tan@, a,=tana,, d,=tana,, ete. this 
theorem becomes 
Jisin 6, cos 0) 
sin(@ — a,)sin(@— a,) ... sin(8— an) 
a f(sin a;, COS ay) i : 
sin(a,—a,) ... Si(ar—ay) sin(@—a, ) 


Thus 
| J(sin 6, cos 0) do 


sin(@—ay,) ... sin(@— ap) 


ee ° 
isin Ay, COS Oy) 0— a, 
= D2 _ —~ log tan ee 
<1sin(a,—a,) ... sin(a,— a») 2 
1 
EXAMPLES. 
Integrate 
l sin & COS NZ — COS NA 
tae 1T\- r\ * cos a#—cosa 
sin| 7— — jsin{| 7+— 
6 6 
9g. COs 24 —cos 2a 5 sin 247 — sin 2a 
~ cosv—cosa * sinw—sina 
3 60S 32’ — Cos 3a 6 cos’a 
"  cos“—cosa ~ * sin a(sin2” —sin2a) 


GENERAL PROPOSITIONS. 


101. There are certain general propositions on 
integration which are almost self evident from the 
een fon of integration or from the geometrical 
meaning. Thus 


102. I. [ o@yde=[ gaz, 


for each is equal to W(b)—vV(a) if (@) be the differ- 
ential coefficient of y(@). The result being ultimately 


* See Hobson’s Z'rigonometry, page 111. 
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independent of « it 1s plainly immaterial whether # or 
z is used in the process of obtaining the indefinite 
integral. 


b c b 
103. II. ow =| p(a)dae+ | p(w)de. 
For if W(x) be the indefinite integral of d(@) 
the left side is W(b)—V(a), 
and _ the right side is ¥(c)—V(a) + V(b) — Wo), 


which is the same thing. 
Let us illustrate this fact geometrically. 


B 
B 
B 
N, 5 x 
Fig. 8. 


Let the curve drawn be y=¢(«), and let the or- 
dinates V,P,, V,P,, V,P, be =a, 2=c, «=b respect- 
ively. Then the above equation expresses the obvious 
fact that 

Area N,N,P,P,=area N,N,P,P,+area N,N,P2P,. 


b a 

104. ILL. | g(a)da = — | op(ae)da. 
a b 

For with the same notation as before 


the left hand side is y(b)—W(a), 
and the right hand side is —[(a)—w(0)]. 
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105. IV. [o@rde=| g(a —a)do 
0 0 


For if we put L=Aa—Y, 
we have dx= —dy; 
and if s=a, y=0, 
if e=0, y=a, 
Oo 0 
Hence | p(a)da = =| p(a—y)dy 
0 @ 


es | “g(a—y)dy (by IIL) 
0 


"g(a—a)de (by 1). 


Il 
ot? 


Geometrically this expresses the obvious fact that, 
in estimating the area OO’QP between the y and a 


Fig. 9. 


axes, an ordinate O’Q, and a curve PQ, we may if we 
like take our origin at O’, O’Q as our Y-axis, and O'X 
as our positive direction of the X-axis. 
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20 a cl 
106. V. | plod = pla)da+ | p(2a—a)de. 
0 0 0 


For by II. 
2a, a 20 
| p(a)der= | o(a)da-+| p(a)da, 
0 0 a 


and if we put 2a—av=y, 


we have dx=—dy, 
and when L=A, Y=a, 
when x=2a, y=0. 


2a 0 
Thus | p(a)da= — |? p(2a—y)dy 


a 


p(2a—y)dy 


| 
=| p(2a—a)da. 


2a, a 
Hence | wade | oa)da-+- | d(2a—ax)da. 
0 0 
We leave the obvious geometrical interpretation to 


the student. 


107. VI. Plainly if g(x) be such that 
p(2a—x) = p(a) 


this proposition becomes 


j o(a)da = if p(a)da 


and if #(«) be fess that ¢(2a—2)= — g(a), 
ie pada =0. 
0 
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Thus since sin’s=sin"(7 — 2), 
| "sine da=2 i, ae an 5 
0 0 


and since cos"t17 = — cos” **(r,— 2), 
and cos”"” = cos’"(r — x), 
ms 
| cos’*"t1y daz=0, 


0 


us 
1. a 
and i) cos""4 dx =2 / cos?"x da. 
0 0 


We may put such a proposition into words, thus :— 
To add up all terms of the form sin**dwx at equal intervals 


between 0 and z is to add up all such terms from 0 to = and 


to double. For the second quadrant sines are merely repetitions 
of the first quadrant sines in the reverse order. Or geometri- 
cally, the curve y=sin”v being symmetrical about the ordinate 


=F, the whole area between 0 and z is double that between 


0 ond = 
Similar geometrical illustrations will apply to other cases. 
108. VIL. If p(e) = g(a-+2) 


p(a)da = a] p(a)da. 


For, drawing the curve y=¢(a), it is clear that it 
consists of an infinite series of repetitions of the part 
lying between the ordinates OP, («=0) and N,P, 
(w=a) and the areas bounded by the successive 
portions of the curve, the corresponding ordinates and 
the w-axis are all equal. 


cL 2a 3a 
Thus | p(a)de = | o(e)dn =| pla)de = ete. 


0 a 2a 


and | @)de = nf p(a)da. 
0 


0 
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Thus, for instance, 


2n—-1 %n-3 


Qn 2-2 


hole 


7 i 1. e 
| sin?"2dr=2 fi sin”’edxr=4 i sin?’2dxr=4 
0 0 0 


Nz 


Fig. 10. 


SoME ELEMENTARY DEFINITE INTEGRALS. 


109. We have seen that whenever the indefinite 


integration Jo@de can be performed, the value of 


b 
the definite integral | ¢(#)dx can at once be inferred. 


In many cases, however, the value of the definite 
integral can be inferred without performing the in- 
definite integration, and even when it cannot be 


performed. 
We propose to give a few elementary illustrations. 


Ex. 1. Evaluate 7= i r (Qaa — x*)* vers“ da 
0 


Writing g=2a—y, 
we have dx=—dy, 
Qax — x? =2ay —y?, 


v 2 
and vers—)” =r — vers, 
a a 
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Hence 


2a 


asda a ove 
=| (Qay — y*)*dy. 


0 
Putting y =a(l — cos 0), 
ae z 
and we obtain J== ay sin”*19d0 = man | sin"+19 d@ 


[=- few = Gs = vers )aly 


= [ey - y)tdy -—I 
0 


dy=asin 6d0, 


0 


n+1ln—-1ln—-38 


according as m is even or odd. 


Ex. 2. Evaluate T= [ logsin ede. 
0 


MEARE Aown to sor 


lar 
22 


J ws sinc da=T. 


0 


Let c= =H, 
then da=—dy ; 
0 2 
and ifs =H log cos y dy =| log cos a dex. 
z 0 
z : z 
Hence Pa fs i, log sin w#da+ i log cos # da 
0 0 
come 
=| log sin # cos 7 dx 
0 
=| (log sin 2v — log 2)da 
6) 
z : ies 
=| log sin 2” da — 5 log 2. 
0 
Put 227 
then da=tdz ; 
z 7 
then | log sin 2a do=>f log sin zdz= 
) 


0 
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Thus 


29J=[-— 3 log 2, 
or f=" loos 
Dee? 
¥ : z att 
Thus i log sin d= [ log cos w d~== log =. 
0 0 a 
Ex. 3. Evaluate af “ie, ” 
ee 
0 


Expanding the logarithm, we have 


Al 2 3 
Pas @ Te eg a 
| tata tqt-.. too jde 


aap Oo a. 7 
—-(atatytpts)=e 


6 
If we put w=1-y, 
we have T= — [PEL ay = [PZ 
Lay, 1-2 
1 0 
Sv 2 
Hence we also have f 10S ty a 
fi 1-2 6 
Ex. 4. Evaluate =) log{ +2) 
Put v=tan 6, 


.. dx=sec?6 dé; 
[= ! "log(tan 6+ cot @)dd 
0 
dee id 
=| log nae? 
0 
=- [cee sin 6+ log cos 0™)d@ 


i) 


= ~2 flog sin 9d0=7 log 2. 
0 
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110. Differentiation under an Integral Sign. 


Suppose the function to be integrated to be (a, c) 
containing a quantity ¢ which is independent OL DW, 

Suppose also that the limits a and b of the integra- 
tion are finite quantities, and independent of e. 

Then will 


or? 7 ae) 
so) $00, dr | [ Sow, e) fae. 


b 
For let w=| f(a, eda. 
b 
Then u--du =| p(a, e+ dcjda, 
ee OU ° h(a, Oh OTs (a, c) ae 
oc - 2 0¢ 


a 


which, by Taylor’s theorem, 


ae 


-( Nee + =| Le ate _ |e 


a 


And if z, say, be the greatest: value of which Bee 


be capable, 
sf [5 SE Pa 3 _ aw <dc(b—a)z, 


and vanishes in the limit when de is indefinitely 
diminished. ‘hus in the limit 


ou ; Op (@, ©) ele. 
ely =| O¢ 


a 


MISCELLANEOUS METHODS AND HXAMPLES. 129 


111. The case in which the limits @ and 0b also 
contain ¢ is somewhat beyond the scope of the present 
volume. 


112. This proposition may be used to deduce many 
new integrations when one has been performed. 


Thus since 


i 
a | Sy RA Sh ene (c+a>0) 
letones Zea 


we have, by differentiating 7 times with regard to e, 


f 1 SAGER fale tan-ta/2—1 
aa BES CON Sear e+aJ 
Also, diiferentiating m times with regard to a, we obtain 
n+1 n = 
i da os : i : - tan-t/2=4 ay. 
TE .- C71) co" Wa c+a 


(w+oye—a) ? 
Similarly, differentiating this latter p times with regard to 
ce, we obtain 


dx 
| 2Qn+1 
Poy 22, 


(a+c)?*'(4— a) 
en eae oii { 1 tant, /2— a 
~ (pl). 1.8... (2n=1) de¥Oa" Weta e+as’ 


EXAMPLES. 


1. Obtain the following integrals :— 


P ie WJ lta+a 
(i.) fare) le dex, (v.) [AEE ae, 


ie ee _-t Si) | wee Ly 
(ii.) fara (1422) "%dr. (vi) lene” 


at aA if | CHE 
lil. —1(2 32+ 27) *dx. vil | 
(iii.) Jo ( a+ x?) *da (vii.) eg 


dv.) f dat ; == dh, 
“I +awlt+ao+2? l+a S PS 


KE. I. C. 
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x 


(a2+ b?— 2°) (a? — 2°)(a? — B2) ; 
(Sr. Joun’s, 1888. 


2. Integrate (i.) 


(ii.) eS. Tem JouN’s, 1889." 
(a2 + a?) a? + c Be . 

et 1 

(iii) [Triniry, 1888. 


sin 0Vacos20-+6 sin26+¢ 


3. Find the values of 
sin «daz 


: Ps a+cos a)V (cos «+cos B)(cos # + cos y) 


(ii) | us | 
cos(x + a)v/cos(a + B)cos(a+ y) [y, 1890. 


4. Prove that, with certain limitations on the values of the 
constants involved, 


i dx = 1 : (apt bene 


7 are sin 
(a —p)(ax*+2ba+e)? (—ap?—2bp—c)* (v7 — pb? — ac) 
(Triniry, 1886. 


5. Prove that / (cos )"dw may be expressed by the series 


sink sindx sin 
sin a— NV, 3 +V,- : — WV, 7 ae wes @UCE 


n-1 
N,, N2, Ws)... being the coefficients of the expansion (1+) # 
and 7 having any real value positive or negative. 
[SmrrH’s Prize, 1876. 


6. Evaluate the following definite integrals :— 
(i.) / ea du 
1427+ 2x? +293 + oF 


a = cle 
Ce) r (a +a?) e [Sr. Jonn’s, 1888. 
iii.) io [ Va dx 
(1+2)(2+2\X3+.2) [OxrorD, 1888. 


7. Prove that | ‘ dae i= Laie 
(l+a\1—a2% 22 


2V3 3 
8 Show that | (e?—3)¥dz= 14988, 
; [OxrorD, 1888. 
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—— 9. Evaluate -(i.) — 
J, 2+ cos @ 


= i e) | 4+5 sina I. C. 8., 1889.] 
aA (iii a 
‘ie is 1 —2a cosa4+a? [I. C. 8., 1888.] 


— 10. Prove that [costar dle is equal to zero or m(n!)/2"(4n!)? 


according as » is odd or even. 
if S denote the sum of the infinite series 


sinty sin’x 
si 733 mR Fees 
= Pog 
_ prove that / Sdax mgty oh [OxFrorD, 1890. ] 


11. Prove that if c be <1, 


Z ae ath aie 
(i.) | sine cos.x) der =ptatptat.-- 


7 
0 

Aan Ese 2 ot 6 ¢8 

fii.) =| [sin-l(e cos 1) Pde + Gt gat ag te 


Prove tl {ee )" 2. 
12. Prove at | sind d0=7 log 


13. Find a reduction formula for ie e-“ sin’x dx. 
0 (Sr. Jonn’s, 1888. ] 


us 


14, Evaluate (..) ik ‘sina log sin 7 de. 


0 


[5, 1883.] 


z 
(ii.) ih tan w log sin « da. [Sn, Joun’s, 1882.] 
0 


z 
(iii.) i sin 22 log tan x da. [Sr. Joun’s, 1886, 
0 
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: z dx 
15. Evaluate (i.) i Sinan PRE [I. ©. S., 1887.] 


(ii.) I eis 
: sintO+cos!@ — [I. O. 8., 1891.] 


, atanadx 
16. Prove (i.) ieee Poni inente ae [Porsson. ] 


3 adu 7? 
wp aS 


2 


—cos2z 2anr/q?— 
a being supposed greater than unity. [OxrorD, 1890. j 


2 
17. Prove @ | =o. aes 


18. Prove that 
1 a dz eae 
| 1+aX1—2’) 3 rom 


19. Prove that 


et + ig Poe 


aH we lteet 
74 (1—ecos?6)? 2 as 
e being supposed < 1. 
20. Prove that 
1 2, 
i v=dy = 1 ee 
u [Matu. TRIPos, 1878. ] 
21. Prove that 


LP eel 1 ; 7 
l-st+9-a5tp ad inf. =7(1 +a/2). (8, 1888.] 


Boalt hia) = eas ['¢@a0= . | "plod 
: rei. HALL, etc., 1886. ] 


—- 23. Prove that ' Fen de = [Fe pee provided (2) 


remains finite ier x vanishes. [Sr. Joun’s, 1883. ] 
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24, Prove that / " b(a)de= i A p(v)+ f(2a—x)}dx, and illus- 
0 0 
trate the theorem geometrically. 
25. If f(7)=f(a+x), show that 
- [Feyde=@-1) | 'feyade, 
a 0 


and illustrate geometrically. 


26. Show that [ oom 8 Se o(a bas = den 


27. Determine by integration the limiting value of the sums 
of the following series when 7 is indefinitely great :— 


_ as, J il 1 1 
() aN 4 p48 OC pan [a, 1884.] 
es n ” 
oe. meet oye tae [OxrorD, 1888.] 
wae il il 1 
eee Shey Met nee ok 
oo ae V4n—22 V6n—3? V2n? — n2 


(CLARE, etc., 1882. ] 


2377 


24 277 ate .+sin? ae k being an 


5 1 T 
)) =~ sine sin sin 
(iv.) =e ae oo + 


integer. [St. Jonn’s, 1886.] 
28. Show that the limit when 7 is increased eine of 
(n— m)s ns (2?n — mys te (3?n — m)s see (n3 — my 3 
n Qn 3n fo es ae ‘2 

[CoLLEGEs, 1892.] 
29. Show that the limit when x is infinite of 


1 


{140 4(e4 8) 60424). o(w4 td) 


1 fath 
; = log P(x)dz, 
is nae 


Apply this result to find the limit of 


{(+j5)(+3)(14+3)- (145)}- 


[CLARE, etc., 1886. ] 


z 
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i 
30. Find the limiting value of (m!)”/n when 1 is infinite. 


31. Find the limiting value when ~ is infinite of the nth part 
of the sum of the » quantities 
m+1 nt+2 n+8 MEN, 


’ yp cee g ; 
ee ee n? n 


and show that it is to the limiting value of the zth root of the 
product of the same quantities as 3¢:8, where e¢ is the base of 
the Napierian logarithms. [Oxrorp, 1886. ] 


32. If na is always equal to unity and n is indefinitely great, 
show that the hmiting value of the product 
Fees 1 1 i 2 
{L+a*}{1+(2a)*}7{1+(a)}5{14+(4a)t}*...{1+(ma)t}” is e8. 
[Oxrorp, 1888. ] 


Jwcoduy 


-“ 


CHAPTER IX. 


RECTIFICATION, Etc. 


113. In the course of the next four chapters we 
propose to illustrate the foregoing method of obtain- 
ing the limit of a summation by application of the 
process of integration to the problems of finding the 
lengths of curved lines, the areas bounded by such 
lines, finding surfaces and volumes of solids of 
revolution, ete. 


114. Rules for the Tracing of a Curve. 


As we shall in many cases have to form some rough 
idea of the shape of the curve under discussion, in 
order to properly assign the limits of integration, 
we may refer the student to the author’s larger 
Treatise on the Differential Calculus, Chapter XIL., 
for a full discussion of the rules of procedure. 

The following rules, however, ave transcribed for 
convenience of reference, and will in most cases 
suffice for present requirements :— 


115. I. For Cartesian Equations. 


1. A glance will suffice to detect symmetry in a 
curve. 
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(a) If no odd powers of y occur, the curve is sym- 
metrical with respect to the axis of # Simi- 
larly for symmetry about the y-axis. 

Thus y?=4az is symmetrical about the w-axis. 

(b) If all the powers of both a and y which occur 
be even, the curve is symmetrical about both 
axes, ¢.g., the ellipse 

a2 eae 
ain hte 

(c) Again, if on changing the signs of # and y, the 

equation of the curve remains unchanged, there 
is symmetry in opposite quadrants, eg., the 
hyperbola xy =a”, or the cubic a°+y? =8aa. 

If the curve be not symmetrical with regard to 
either axis, consider whether any obvious transforma- 
tion of coordinates could make it so. 

2. Notice whether the curve passes through the 
origin; also the points where vt crosses the coordinate 
axes, or, in fact any points whose coordinates present 
themselves as obviously satisfying the equation to the 
curve. 

3. Find the asymptotes; first, those parallel to the 
axes ; next, the oblique ones. 

4. If the curve pass through the origin equate to 
zero the terms of lowest degree. These terms will 
give the tangent or tangents at the origin. 


eee io ; , : 
5. Find ae and where it vanishes or becomes in- 


finite ; 2.¢., find where the tangent is parallel or per- 
pendicular to the a-axis. 

6. If we can solve the equation for one of the 
variables, say y, in terms of the other, «, it will be 
frequently found that radicals occur in the solution, 
and that the range of admissible values of « which 
give real values for y is thereby limited. The eaistence 
of loops upon a curve is frequently detected thus, 
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7. Sometimes the equation is much simplified when 
reduced to the polar form. 


116. IJ. For Polar Curves. 


It is advisable to follow some such routine as the 
following :— 

1. If possible, form a table of corresponding values 
of v and @ which satisfy the curve for chosen values 
of 8, such as @=0, 2s a = ete. Consider both 
positive and negative values of 0. 

2. Examine whether there be symmetry about the 
initial line. This will be so when a change of sign of 
@ leaves the equation unaltered, e.g., in the cardioide 
7 = (1 —cos 6). 

3. It will frequently be obvious from the equation 
of the curve that the values of vr or @ are confined 
between certain limits. If such exist they should be 
ascertained, e.y., if r=asin 76, it is clear that 7 must 
lie in magnitude between the limits 0 and «, and the 
curve lie wholly within the circle 7 =a. 

4, Examine whether the curve has any asymptotes, 
rectilinear or circular. 


RECTIFICATION. 


117. The process of finding the length of an are of 
a curve between two specified points is called recti- 
fication. 

Any formula expressing the differential coefficient 
of s proved in the differential calculus gives rise at 
once by integration to a formula in the integral 
calculus for finding s. We add a list of the most 
common. (The references are to the author's Diff. 
Cale. for Beginners.) 


118. In each case the limits of integration are the 
values of the independent variable corresponding to 
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the two points which terminate the are whose length 


is sought. 


Observations. 


Formula in the Diff. Cale. Formula in the Int. Cale. |Reference. 
ds _ i, (ay 2 ave Raa 2 P. 98. 
ee |eo[ oC 
d dx < / dx 2 1 98. 
—_—= we s=]a | LZ 
dy (ee) ae (=) ay; 
ds_ |. /ar\? = [ Sandie P. 103. 
do Nu EAP e+ (%) cd 
ds aot a 2 12, WES 
a Nr ay. s=[ fier ae 

r r 
as _ Sie 2 es ax? [a P. 100. 
== wes aah s= 
dt (=) a (4) (=) (4) oe 
ds _ Ce rdr Byaloss 
eo aoe Vag 105 
OK op ORD _dp / P. 148 
ae SRE agi pd, 


For Cartesian Kqua- 
tions of form 
y = J (2). 
For Cartesian Equa- 
tions of form 
x = fly). 
For Polar Equations 
of form 
r=f(9). 
For Polar Kquations 
of form 
6 = fir) 
For case when curve 
is given as 
« = f(t), Y= T(t). 
For use when Pedal 
Equation is given. 


Yor use when Tan- 
gential Polar 
Kquation is given. 


119. We add illustrative examples :— 


189%, Il, 


Find the length of the are of the parabola 2?=4ay 


extending from the vertex to one extremity of the latus-rectum. 


x? x 
Yi =<, and the limits are v=0 and #=2a. 
y= 4@ A= 2a 


arc= fv + © dhe 
h 4a* 


Pan +4 
Ia 2 


4a? 


1 
=; [2an/8u? + da*log(1 +0/2)] 


=a[V2+log(1 +/2)). 


Hence 


3 logte +a? + 40? ae 
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Ex. 2. Obtain the same result by taking y as the inde- 
pendent oe 


L= Jday, - ap and the limits are y=0 and y=a. Hence 


J 
I; 4% (Put y=a tan?6, 
and .*. dy=2a tan Osec2O dO. ) 


2 asec6 dé 

0 
=2a £ rei SEO 5 3 log(tan 6+sec 0): 
=a[V/2 +log(1+nv2)]}. 


Ex. 3. Find the perimeter of the cardioide r=a(1—cos 6). 


Vig. 11. 


The curve is symmetrical about the initial line, and @ varies 
from 0 to 7 for the upper half. 


lr 
of —asin 0. 


Hence arc= 2 it W a1 —cos 0)?+ asin? do 


0 
=2a | "9 sindd = [ —8acos A =8a, 
a“ 0 


0 
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Ex. 4. Find the length of the are of the equiangular spiral 
p=rsina between the points at which the radii vectores are 
7, and 72, 

Here arc= a ahs mee 
JP—rsinza Osa 


Ex. 5. Find the length of any are of the involute of a circle, 
whose equation is p=AW+B 


Here s= Ee + fray]? = an? —Wy2)4+ BOY, - V4), 


where W, and yy, are the values of W at the beginning and end 
of the are respectively. 


120. Formula for Closed Curve. 
In using the formula 

_ dp +| 
~ dp +|\pdw 


in the case of a closed oval, the origin being within 
the curve, it may be observed that the length of the 


whole contour is given by fnay, eet. 
I + . 0 . 
bal disappears when the limits are taken. 


ix. Show that the perimeter of an ellipse of small eccen- 


304 
tricity e exceeds by = of its length that of a circle having the 


same area. ‘ [y, 1889.] 
Here p=@cos + b’sinyy= — e’sin*W), 
where W is the angle which p ae with the major axis. 
1 CAO} it 7 
Hence p= a( 1- 5@sin’y = gosin’y. Ae ). 


Hence s=4a{® Dy ne ioe ay (very approximately) 


2 22 8° OO 


i 6 3 
= Ira ——1ae" — —rael.... 


2 3 


RECTIFICATION, ETC. 141 
The radius (7) of a circle of the same area is given by 


1 
7? = ab=a(1 —e?)?, 
: 1 
and its circumference = mal 


1—=e2'— 2 ). 
4 32 


.. Cireumf. ellipse --circumf. circle= ( 


—— S act = ne . 2rra, 
F 16 32 64 
=< [circ. of circle], as far as terms involving e+. 


EXAMPLES. 


1. Find by integration the length of the arc of the circle 
z’+y*=a", intercepted between the points where #=a cos a and 
2=a cos [3. 


2. Show that in the catenary y=c cosh the length of arc 
¢ 
from the vertex (where v=0) to any point is given by 
1 £ 
s—ceinhi—s 
3. In the evolute of a parabola, viz., 4(v—2a)*=27ay*, show 
that the length of the curve from its cusp (7=2qa) to the point 
where it meets the parabola is 2a(3s/3 — 1). 
4. Show that the length of the arc of the cycloid, 
z=a(O+sin 6), 
y=a(1—cos 6), 
between the points for which 6=0 and 0=2y, is s=4asin y, 
5. Show that in the epicycloid for which 


2=(a+b)cos O—b cos vad 


ah 
y=(a-+b)sin 6—bsin ~~ 


40(a+b 
= 2s cos 550 
s being measured from the point at which 0=7b/a. 


When co aye show that «° ty=a'; and that if s be 


measured from a cusp which lies on the y-axis, s* « 2, 
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6. Show that in the ellipse e=acos 0, y=bsin 6, the peri- 
meter may be expressed as 


Il oy IPB eh, UPB e ais oe 
2am {1-2 — 53-42 — 5a at gee —... tO © +. 


7. Find the length of any are of the curves 
(i.) r=acos 0. (iii.) r=a0. 


Gin) acne. (iv.) r=a sin’, 


8, Apply the formula on ot fp diy to rectify the cardioide 
whose equation is 7=a(1+ cos 6). [TrRiniTy, 1888. ] 


9. Two radii vectores OP, O@ of the curve 


r=2a cos9( 7 

at3 

are drawn equally inclined to the initial line; prove that the 
length of the intercepted arc is aa, where a is the circular 
measure of the angle POY. [Asparacus, Educ. Times. ] 


10. Show that the length of an are of the curve y”=2"*” can 


F : : n (ep lke 
be found in finite terms in the cases when Fea one -, is an 


. 2 
integer. HL 


11. Find the length of the are between two consecutive cusps 
of the curve (c?—a?)p?=c%(r? — a”). 


12. Find the whole length of the loop of the curve 
3ay? = x(x — a). [OxKorD, 1889.] 


13. Show that the length of the arc of the hyperbola zy=a? 
between the limits v=b and x=c is equal to the are of the 
curve p(a++7r*) =a" between the limits r=), r=c. 

[OxrorD, 1888. ] 


14, Show that in the parabola oo + cos pe poe 
r ad sin?y 
hence show that the are intercepted between the vertex and the 
extremity of the latus rectum is af/2+log(1+2)}. 
[I. G. S., 1882.] 
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121. Length of the Arc of an Evolute. 


It has been shown (Diff. Calc. for Beg., Art. 157) 
that the difference between the radii of curvature at 
a 


A 


H 


Fig. 12. 


two points of a curve is equal to the length of the 
corresponding arc of the evolute ; 


7.€., 1 ah be the are of the evolute of the portion AH 
of the original curve, then (Fig. 12) 


arc ah= Aa—Hh, i.¢., p (ab A) —p (at HZ), 
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and if the evolute be regarded as a rigid curve, and a 
string be unwound from it, beg kept tight, then the 
points of the unwinding string describe a system of 
parallel curves one of which is the original curve AH. 


Ex. Find the length of the evolute of the ellipse. 


Let a, a’, B, B’ be the centres of curvature corresponding to 
the extremities of the axes, viz., A, A’, B, 2’ respectively. ‘The 
are af3 of the evolute corresponds to the arc AZ of the curve, 
and we have (Fig. 13) 


arc a8=p(at B)—p(at A)=" —— 
[for rad. of curv. of ellipse = > Ex. 3, p. 153, Diff. Cale. for Beg. |. 


Thus the length of the entire perimeter of the evolute 


EXAMPLE. 


Show in the above manner for the parabola y?=4ar that the 
length of the part of the evolute intercepted within the parabola 


is 4a(3V3 —1). 
122. Intrinsic Equation. 


The relation between s, the length of the are of a 
given curve, measured from a given fixed point on 


Fig. 14. 


the curve, and the angle between the tangents at the 
extremities of the arc is called the Intrinsic Equation 
of the curve. 
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123. To obtain the Intrinsic Equation from the 
Gartesian. 


Let the equation of the curve be given as y=/(a). 
Suppose the x-axis to be a tangent at the origin, and 
the length of the are to be measured from the origin. 


Then cha Fen (2) RM ee A ee (1) 
also s= [VI a Lh CENT Uae s vaneesoiae dain: (2) 


0 


If s be determined by integration from (2), and a 
eliminated between this result and equation (1), the 
required relation between s and vy will be obtained. 


Ex. 1. Intrinsic equation of a circle. 


Pp 


v 
Aye OT « 
Fig. 15. 


If y be the angle between the initial tangent at A and the 


tangent at the point /, and a the radius of the circle, we have 


POA=PTX=y, 
and therefore s=ay. 


Ex. 2. In the case of the catenary y+¢=c¢ cosh “the in- 
trinsic equation is s=c tan yp. C 


For tan y= os =sinh 


| mr a“ 
and ds = 1 + sinh?—=cosh-, 
hie C c 


E. I. C. K 
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ceil, 
and therefore s=csinh—, 
c 


the constant of integration being chosen so that # and s vanish 
together, whence 
s=ctany. 


124. To obtain the Intrinsic Equation from the 
Polar. 


Fig. 16. 


Take the initial line parallel to the tangent at the 
point from which the are is measured. Then with the 
usual notation we have 

vr =(@), the equation to the curve,....... (1) 
Nr = OAR De aiiic rine acuta wits nee eee ee (a) 
oo HK) 
tan ¢=r Fe : ey" Jae te age We oh aw tie pon te (3) 


7a _ Jel (9 =/[fOP+P (OP, .---(4) 


If s be found by ay) ~~ from (4), and 6, ¢ 
eliminated by means of equations (2) and (3), the 
required relation between s and yy will be found. 


Ex. Find the intrinsic equation of the cardioide 


r=a(1 —cos 6). 
Here w=0+¢ 
and tan p= Eels oe tan = 0 


asin 6 oF 
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Hence $-§ 
and , y= 64938 


Fig. 17. 
ds _ ja 5 Ia lan OA 
Also o* =J/a2(1 — cos 6)? + asin? 
dé 
=2a sin 9 
2 
and s= —dacos o C. 
If we determine (so that s=0 when 0=0, we have 
C=4a, 
0 
* s=4a(1 -cos$), 
or s=4a(1 — cos a 
3 


the intrinsic equation sought. 
We may notice that if A be the vertex, the are AP is 4acos y 
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125. When the Equation of the Curve is given as 
wv = fit), f= p(t), 


_dy_¢@ 
= ails 


Also = 4/(@)'4 (2) = SPOFFPOR. 2) 


By means of equation (2) s may be found by in- 
tegration in terms of t. 

If then, between the result and equation (1) ¢ be 
eliminated, we shall obtain the required relation 
between s and y. ; 


we have tan Wy 


Ex. In the cycloid 
xv=a(t+sin 2), 
y=a(1 —cos £), 


sin ¢ t 
have te = SM x te 
we hay aun yy ae oe 
5 PAS 
Also ue av/(1 + cos t)? ++ sin®t=2a cos 5 


Sage se 
whence s=4asin 5 if s be measured from the origin where ¢=0. 


Hence s=4asin y is the equation required. 


126. Intrinsic Equation of the Evolute. 


Let s=f(y) be the equation of the given curve. 
Let s’ be the length of the are of the evolute measured 
from some fixed point A to any other point Q. Let 
O and P be the points on the original curve corre- 
sponding to the points A, @ on the evolute; po, p the 
radii of curvature at O and P; Wy the angle the 
tangent QP makes with OA produced, and W the 
angle the tangent P7 makes with the tangent at O. 
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Then Vy’ =v, and 
F ds 
Soak aheg dis, 0 
or =F (Y)—pp 


Fig. 18. 


127. Intrinsic Equation of an Involute. 
With the same figure, if the curve AQ be given by 
the equation s’ = Shay we have 


p=8 + po p= ap and w=y’, 
whence ees {i Tab) + potdy. 


Ex. The intrinsic equation of the catenary is s=ctanw 
(Art. 123) 
Hence the intrinsic equation of its evolute is 
s=c sec’ — poy 
and po=radius of Can et at the vertex 


=e. | py 7 =csecyy and v=o], 


*. the evolute is s=c(sec>— in or s=c tan’p. 
The intrinsic equation of an involute is 
= / (c tan + A)dy 
=c logsecy+ Ay + constant ; 
and if s be so measured that s=0 when y=0, we have 
s=c log(sec)+ Ay. 
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128. Length of Arc of Pedal Curve. 


If p be the perpendicular from the origin apon the 
tangent to any curve, and x the angle it makes with 
the initial line, we may regard p, x as the current 
polar coordinates of a point on the pedal curve. 

Hence the length of the pedal curve may be cal- 
culated by the formula 


ie | p2+ (G2) ax 


Ex. Apply the above method to find the length of any arc 
of the pedal of a circle with regard to a point on the circum- 
ference (7.e. a cardioide). 


Fig. 19. 


Here, if 2a be the diameter, we have from the figure 


p= OP cos* = 2acos?%, 
2 2 


Hence are of pedal= [ 2 NT aPeost® + asin” cos* Fax 


= | 2a cos *dx= 4a sin +0. 


The limits for the upper half of the curve are x=0 and x=7. 
Hence the whole perimeter of the pedal 


=) 4G) sink | <8 ; 
[ c 2 So . 
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EXAMPLES, 


1. Find the length of any arc of the curve y(a—#)=2". 
[a, 1888. ] 
2. Find the length of the complete cycloid given by 
x=a6+ asin 6,\ 
y=a —acos6.) 
3. Find the curve for which the length of the are measured 
from the origin varies as the square root of the ordinate. 


4, Show that the intrinsic equation of the parabola is 
s=atanwsec y+a log(tan +sec Wp). 


5. Interpret the expressions 


G) [xe fae (i:) [es “as, qi) [(5 2-4 Flas, 


wherein the line integrals are taken round the perimeter of a 
given closed curve. [Sr. Joun’s, 1890.] 


6. The major axis of an ellipse is 1 foot in length, and its 
eccentricity is 1/10. Prove its circumference to be 3:1337 feet 
nearly. (Trinity, 1883.] 


7. Show that the length of the are of that part of the 
cardioide r=a(1+ cos 6), which lies on the side of the line 
4r=3asec 9 remote from the pole, is equal to 4a. [Oxrorn, 1888.] 


8. Find the length of an arc of the cissoid 
sin? 
cos 


9. Find the leneth of any arc of the curve 
ai — yb =a8 
10. Show that the intrinsic equation of the semicubical para- 
bola 3ay?=2.2° is 9s=4a(sec*y — 1). 
11. In a certain curve 
a=e'sin 6, 
y=e%cos 6, 
show that s=ON24+0. 
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12. Show that the length of an are of the curve 
x sin 0+y cos 0=f (6), 
x cos 0—y sin 6=f'"(6), 
is given by s=f(O) + f(A+C. 


13. Show that in the curve y=a log sec” the intrinsic equa- 
tion is s=agd7ly. es 


14. Show that the length of the are of the curve y=log coth= 
sinh «, vy 


between the points (2, 7/;), (Ga, Y2) 1s log 
; “sinh 2, 


15. Trace the curve ay 5 (0-2) 2, and find the length of that 


part of the evolute which econ es to the loop. 
[Sv. Jonn’s, 1€81 and 1891. ] 


16. Find the leneth of an are of an equiangular spiral 
(p=r sina) measured from the pole. 

Show that the arcs of an equiangular spiral measured from 
the pole to the different points of its intersection with another 
equianguwlar spiral having the same pole but a different angle 
will form a series in geometr ical progression. [TRINITY, 1884. ] 


17. Show that the curve whose pedal equation is p?=7?— a? 

2 

has for its intrinsic equation —— 
18. Show that the whole length of the limagon r=acos 6+6 


is equal to that of an ellipse whose semi-axes are equal in length 
to the maximum and minimum radii vectores of the limag¢on. 


19. Prove that the Jength of the nth pedal of a loop of the 
curve 7”=a™sin mO is 


um 
mn-m+1 


pai) (sinmé) ™ dé. fe, 1883. ] 


20. Show that the cra of a loop of the curve 
ayer oie 


a ee: ceo (Sr. Jonn’s, 1881.] 


CHAPTER X. 
QUADRATURE, Ere. 


129. Areas. Cartesians. 

The process of finding the area bounded by any 
portion of a curve is termed quadrature. 

It has been already shown in Art. 2 that the area 
bounded by any curved line [y= ¢(@)], any pair of 
ordinates [v=« and «=b] and the axis of x, may be 
considered as the limit of the sum of an infinite num- 
ber of inscribed rectangles; and that the expression 
for the area is 


b b 
; [ye or Jo (x) da. 


In the same way the area bounded by any curve, 
two given abscissae [y=c, y=d] and the y-axis is 


Th 
| eay 


c 


130. Again, if the area desired be bounded by two 
given curves [y=¢(~) and y=v(«)] and two given 
ordinates [v=a and «=b], it will be clear by similar 
reasoning that this area may be also considered as tho 
limit of the sum of a series of rectangles constructed 
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as indicated in the figure. The expression for the 
area will accordingly be 


c= 


Lt>)PQdx or fts@) — V(x) |de. 


c= 


Fig. 20. 


Ex. 1. Find the area bounded by the ellipse oct ete the 
ae 


ordinates w=c, r=d and the w-axis. 


4h = — bra at—a? a? . a4 
Here area= [ OV a2 — atda= * +—sin7} | 
J a a 2 » a_le 


= PL ave = d?— ea? — + «(sind sm )} 
2a a 
For a quadrant of the ellipse we must put d=a and c=0 and 
the above expression becomes 
b .@." or mab 
Za 2 4 
giving zab for the area of the whole ellipse. 


Ex. 2. Find the area above the z-axis included between the 
curves y’=2ax — x? and y?=ax. 

The circle and the parabola touch at the origin and cut again 
at (a, a). So the limits of integration are from «=0 to v=a. 

The area sought is ther efore 


fi 200 — x —Jaxlde. 
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Now, putting =a(1-—cos 6), 


z 
i Daun — ade = | asin?@ do = a2 7 _ 7a 


} 22° 4’ 
* a eo 
and / Vacda=Jal | = 2a, 
4 3 0 
Thus the area required is a = * 
a4 
Pp 
iz 
O x 


Fig. 21. 


Ex. 3. Find the area 
(1) of the loop of the curve w(a?+y")=a(x?—y’") ; 
(2) of the portion bounded by the curve and its asymptote. 


OX 
Here Ti Ee yee 


To trace this curve we observe :— 
(1) It is symmetrical about the «-axis. 
(2) No real part exists for points at which # is >a or 
as 
(3) It has an asymptote 7+a=0. 
(4) It goes through the origin, and the tangents there are 
= aE 
(5) It crosses the x-axis where w=a, and at this point q is 
infinite. da: 
(6) The shape of the curve is therefore that shown in the 
figure (Fig. 22). 
Hence for the loop the limits of integration are 0 to a, and 
then double the result so as to include the portion below the 
-aXis. 
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For the portion between the curve and the asymptote the 
limits are —a to 0, and double as before. 
For the loop we "therefore have 


fe a—Xx 
area=2 | vl CHP? 
J a+x 


for the portion between the curve and the asymptote, 


area = Se oa[2— an, 


Fig, 22. 


To integrate | . ine 


v=acos@ and dx=—asin 6dé. 


Then Ie EN poe oda = = a cos ga/iacesg 1 = cos 8), in a0 


“ae, put 


rly 
SE] 


=a | Gas 0 —cos?6)d0 
0 


A as T 
=@( 1-2 £)= 1-7) 2 
ce( 55) ( a) 2 


and area of loop= 2a? 1- z : 
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Again, iP oa[ ae = — [i cos 6 qa sin 6d0 
af (cos 6 —cos?@)d0 

= 

—a 


ae 


[The meaning of the negative sign is this:—In choosing the 


+ sign before the radical in yng Pe we are tracing the 

a+e s 
portion of the curve below the x-axis on the left of the origin 
and above the axis on the right of the origin. Hence y being 
negative between the limits referred to, it is to be expected 
that we should obtain a negative value for the expression 


z=0 
Ls > y dz] 


Thus the whole area required is 


2 “1 a 
a TF 


[It must also be observed in this example that the greatest 
ordinate is an infinite one. In Art. 2 it was assumed that 
every ordinate was finite. Is then the result for the area 
bounded by the curve and the asymptote rigorously true ? 

To examine this more closely let us integrate between limits 
—a+e and 0, where ¢« is some small positive quantity, so as 


to exclude the infinite ordinate at the point v= —a, we have 
as before 
0 cz -6 
| a [=e a |” (cos 0 —cos?6)d0 
ls aA+axZ s 
where —at+e=acos(r — 4), 


so that 6 is a positive small angle. This integral is 


1-0 i 8 
| sin 6-5 sin 20 ariel Ae 
4 5 gd 


=a*| - 1- Foe Oe aa 


sin 12) 


which approaches indefinitely close to ce ratitte adit 


—@ll 4) 
a(t 


when 6 is made to diminish without limit | 
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EXAMPLES. 


1. Obtain the area bounded by a parabola and its latus 
rectum. 


2. Obtain the areas bounded by the curve, the #-axis, and the . 
specified ordinates in the following cases :— 


(a) y=ccosh”, 2=0 to r=h. 
c 
(6) y=é, #=0 to c=h. 
(c) ya Ne a, x=Va?—2 to x=a. 
a 


(d) y=axe", £=0'to 2=h. 
(e) y=log2, T= torrn—0s 
Ory =; TiO) WS) HEM Oy 


3. Obtain the area bounded by the curves y?=4axz, v?=4ay. 
4, Find the areas of the portions into which the ellipse 
wu +y?/b?=1 is divided by the line y=c. 
5. Find the whole area included between the curve 
ay? = ay? — x?) 
and its asymptotes. 


6. Find the area between the curve y*(a+2)=(a—.)? and its 
asymptote. 


7. Find the area of the loop of the curve 7x + (7 +a)*(v@+2a)=0. 


131. Sectorial Areas. Polars. 

When the area to be found is bounded by a curve 
vr =f(0) and two radii vectores drawn from the origin 
in given directions, we divide the area into elementary 
sectors with the same small angle 60, as shown in the 
figure. Let the area to be found be bounded by the are 
PQ and the radii vectores OP, OQ. Draw radii vectores 
OP,, OP,,... OP,-1 at equal angular intervals. Then 
by drawing with centre O the successive circular ares 
PN, P,N,, P,N,, ete., it may be at once seen that the 
limit of the sum of the circular sectors OPN, OP,N,, 
OP,N,, ete.,is the area required. For the remaining 
elements PN P,, P,N,P,, P,N,Ps, ete., may be made to 
rotate about O so as to occupy new positions on the 
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greatest sector say OP, _1Q as indicated in the figure. 
Their sum is plainly less than this sector; and in the 
limit when the angle of the sector is indefinitely 
diminished its area also diminishes without limit. pro- 
vided the radius vector OQ remains finite. 


Fig. 23. 


The area of a circular sector is 
}(radius)? x circular meas. of angle of sector. 
Thus the area required =}Lt>7r7d0, the summation 
being conducted for such values of @ as lie between 
§=c0P and @=x0P,-1,2.¢.,xOQ in the limit, Ox being 
the initial line. 
In the notation of the integral calculus if 2OP =a, 


and 20Q= 8, this will be expressed as 
1 "rao or al" (0) }?d0. 


a a 


Ex. 1. Obtain the area of the semicircle bounded by r=acos 6 
and the initial line. 
Here the radius vector sweeps over the angular interval from 


6=0 to 6=". Hence the area is 


SIA bo 


2 2 
sf aeosOdd =F . 5 $=? t.é., $a(radius)”, 


0 
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Ex. 2. Obtain the area of a loop of the curve r=a sin 36. 

This curve will be found to consist of three equal loops as 
indicated in the figure (Hig. 24). 

The proper limits for making the integration extend over the 
first loop are 6=0 and Ona, for these are two successive values 
of @ for which 7 vanishes. 

: 1 3 rec a t dn 
. area of loop=5 asin? 30 d0 <7 | (1 —cos 66)d0 


0 0 


ed (ela x ma 
4 66 4° 3, 12" 


2 
TA 


The total area of the three loops is therefore ee 


x 
Fig. 24, 
EXAMPLES, 
Find the areas bounded by 
1. r?=a?cos?6 + b’sin70. 3. One loop of r=a sin 46. 
2. One loop of r=a sin 20. 4, One loop of r=asin 6. 


5. The portion of r=ae’* bounded by the radii vectores 
0=6 and 06=B+y (y being less than 2zr). 


6. Any sector of rO=a2 (G—citorg— 6); 

7. Any sector of rQ=a (0=a to 0=£). 

8. Any sector of r0=a (0=a to 0=f). 

9. The cardioide 7 =a(1 —cos 6). 

10. If s be the length of the curve r=a tanh § between the 


origin and §=27, and A the arca between the same points, 
show that A=a(s—ar). [Ox¥oRD, 1888. ] 
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132. Area of a Closed Curve. 

Let (x, y) be the Cartesian coordinates of any point 
P on a closed curve; (7+6x, y+ dy) those of an adjacent 
point Q. Let (7, 6), (r+ ér,6+60) be the corresponding 
polar coordinates. Also we shall suppose that in 
travelling along the curve from P to Q along the 
infinitesimal are PQ the direction of rotation of the 
radius vector OP is counter-clockwise (i.e. that the 


oy 
Q 
Pp 


Fig. 25. 
area is on the left hand to a person travelling in this 
direction). ‘Then the element 
47°60 = AOPQ= 3 (ady — you). 


Hence another expression for the area of a closed 
curve is 1 flway ae). 

the limits being such that the point (a, y) travels once 
completely round the curve. 


=dv, we 


rdy-—ydx 
133. lf we put y=vz« so that ae 


may write the above expression as j{ede, where « is 


to be expressed in terms of v and the limits of in- 

tegration so chosen that the current point (a, y) travels 

once completely round the curve. As v is really 

tan 0 and becomes infinite when @ is a right angle care 

must be taken not to integrate through the value «. 
Boi: 6. L 
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Ex. Find by this method the area of the ellipse 
Plae+y=1. 
Putting y=va, we have 


— = tan 
ate 
a 


and area=4| v’dv=4 [ 


between properly chosen limits. 
Now, in the first quadrant v varies from 0 to o. Hence 
area of quadrant =© : ee 


and therefore area of ellipse =zrab. 


134. If the origin lhe without the curve, as the 
current point P travels round we obtain triangular 
elements such as OP,Q),, including portions of space 
such as OP,Q, shown in the figure which le outside 


Fig. 26. 


the curve. These portions are however ultimately 
removed from the whole integral when the point P 
travels over the element P,Q,, for the triangular 
element OP,Q, is reckoned negatively as @ is decreasing 
and 6@ is negative. 

- 


135. If however the curve cross itself, the expression 
1|(edy—yde), taken round the whole perimeter, no 


longer represents the sum of the areas of the several 
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loops. For draw two contiguous radii vectores OP,, 
OQ, cutting the curve again at Q,, Ps, Q, and P,, Qs, P; 
respectively, Then in travelling continuously through 
the complete perimeter we obtain positive elements, 
such as OP,Q, and OP,Q,, and negative elements 


such as OP,Q, and OP,Q,. 
Now OP,Q,—OP,Q,.+ OP;Q3;—OP,Q, 
=quadl. P,Q, P?,Q,—quadl. P,Q,P3Qs, 


and in integrating for the whole curve we therefore 
obtain the difference of the two loops. 


18) + 
Similarly, if the curve cuts itself more than once, 
this integral gives the difference of the sum of the odd 
loops and the sum of the even loops. 
To obtain the absolute area of such a curve we must 


therefore obtain that of each loop separately and then 
add the results. 

Of course in curves with several equal loops it is 
sufficient to find the area of any one, and to ascertain 
the number of such loops. 


136. Other Expressions for an Area. 
Many other expressions may be deduced for the 
area of a plane curve, or proved independently, 
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specially adapted to the cases when the curve is 
defined by other systems of coordinates. 

If PQ be an element ds of a plane curve, and OY 
the perpendicular from the pole on the chord PQ, 


Fig. 28. 


AOPQ=40Y. PQ, and any sectorial area = $2120 Y.PQ 
the summation being conducted along the whole 
bounding are. In the notation of the Integral Cal- 
culus this is 


i\p ds. 


[This may be at once deduced from $|7?d0, thus :— 


reao = ee ds | sin ¢ ds 
(where ¢ is the angle between the tangent and the 
radius vector) 


137. Tangential-Polar Form. 


dp 


Again, since p= a =pt+ ayy? 


sees erence a 
we have area if as=1)r(p+5h dyp, 
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a formula suitable for use when the Tangential-Polar 
equation is given. 


138. Closed Curve. 


When the curve is closed this expression admits of 
some simplification. 


d*p dp dp 
For [p‘ i, —Ldyy= E ae |g) dy, 


and in integrating round the whole perimeter the first 
term disappears. Hence when the curve is closed we 


have 
area = a|{p*— Le ep) ‘fay. 


Ex. By Ex. 23, p. 118, Diff. Cale. for Beginners, the equation of 
the one- Cal epicycloid (7.e., the cardioide) may be expressed as 


=sasin¥, 
p SI, 


Cee : 


Fig. 29. 
Hence its whole area=$ [ ( Satsin® — eos Jaw taken be- 
tween limits ~=0and y= and doubled. 
Putting y=36, this becomes 


= 3a] (9 sin? — cos?0)d@ = 67a’. 
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139. Pedal Equation. 
Again, for curves given by their pedal equations, 
we have 


rl ome Pe = 
A=1{pds=3]p PF S dr=3|pseeg dr=3 a= 


Ex. In the equiangular spiral p=, sin a, 
Hence any sectorial area 
me ie sin adr 
a (i ete es 


7 COS 


me 


=4(r,?—71,7)tan a. 


140. Area included between a curve, two radii 
of curvature and the evolute. 


In this case we take as our element of area the 
elementary triangle contained by two contiguous radii 
of curvature and the infinitesimal are ds of the curve. 


B 


A 
Fig. 30. 


To first order infinitesimals this is $p7éy, and the 


area = [tdi pd, 4.¢. s{ pray, or 1p ds, 


Ex. 1. The area between a circle, its involute, and a tangent 
to the circle is (Fig. 31) 


af ayyrdy =o. 
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Ex. 2. The area between the tractrix and its asymptote is 
found in a similar manner. 

The tractrix is a curve such that the portion of its tangent 
between the point of contact and the w-axis is of constant 
length e. 


O A 


Fig. 31. 


Taking two adjacent tangents and the axis of x as forming an 
elemental triangle (Fig. 32) 


Phe TC 
area=2.4 / Cay =——, 
2 
Tr 
2 


O Tce EG 
Fig. 32. 


EXAMPLES. 
1, Find the area of the two-cusped epicycloid 
p=2a sinY 


2 
[Limits y=0 to ~=7 for one quadrant. ] 
2. Obtain the same result by means of its pedal equation 
r= ar+ 3p? 
[Limits =a to r=2a for one quadrant. } 
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3. Find the area between the catenary s=ctany, its evolute, 
the radius of curvature at the vertex, and any other radius of 
curvature. 


4. Find the area between the epicycloid s=Asin By, its 
evolute, and any two radii of curvature. 


5. Find the area between the equiangular spiral s= Ae?¥, its 
evolute, and any two radii of curvature. 


AREAS OF PEDALS. 


141. Area of Pedal Curve. 

If p=/(y) be the tangential-polar equation (Diff. 
Cale. for Beginners, Art. 130) of a given curve, dy 
will be the angle between the perpendiculars on two 
contiguous tangents, and the area of the pedal may be 


expressed as i|peay, (compare Art. 131). 


Fig. 33. 


Ex. Find the area of the pedal of a circle with regard to a 
point on the circumference (the cardioide). 

Here if OY be the perpendicular on the tangent at P, and 
OA the diameter (=2a), it is geometrically obvious that OP 


bisects the angle AOY. Hence, calling YOA= Ww, we have for 
the tangential polar equation of the circle 


p=2a cos, 
< 


= Rae | 
Hence area =3| 4aPcos! dnp, 
2 
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where the limits are to be taken as 0 and z, and the result to 
be doubled so as to include the lower portion of the pedal. 
Thus 


A = 40? [ “cosa SGP 5 [costo dO = 8a? 
0) 0 


Lee 
LD GD 


Fig. 34. 


142. Locus of Origins of Pedals of given Area. 

Let O be a fixed point. Let p, yy be the polar co- 
ordinates of the foot of a perpendicular OY upon any 
tangent to a given curve. 


Fig. 35, 


Let P be any other fixed point, PY,(=p,) the per- 
pendicular from P upon the tangent. ‘Then the areas 


170 INTEGRAL CALCULUS. 


of the pedals with O and P respectively as origins are 


[pray and afrstdy, 


taken between certain definite limits. Call these 
areas A and A, respectively Let 7, @ be the polar 
coordinates of P with regard to O, and @, y their 
Cartesian equivalents. Then 


pi, =p—7rcos(d—W)=p—xcosw—y sin wy, 
and p is a known function of y Hence 
DAG [ready = ov —xcosyy—y sin y)*dw 
= [p%ay, — 20[p cos Wy dy — 2y|p sin yy dv 
+20°feosty, dy+ 22ry | eos vy sin yy day 


+ y?|sin’y, dy. 
Now alp cos yy dy, alp sin yy dy, [eosty, Olea 


between such limits that the whole pedal is described 
will be definite constants. Call them 


—2g, —2f, a, 2h, b, 
and we thus obtain 
2A,=2A + 2gu+ 2fy + ax? + 2Zhay + by?. 
If then P move in such a manner that A, is constant, 
its locus must be a conic section. 


143, Character of Conic. 

It is a known result in inequalities that 
(pP+ePt+rP+..+h)(prt+qrtret+ .. +k,?) 
FCP Fant +. +hh,)? 

Hence it will be obvious that if p,q, 7, ..., stand for 


QUADRATURE, ETC. 171 


cosh, cos 2h, cos 3h, ..., cosnh, and p,, q, 7,, ---, for 
sin h, sin 2h, ete., we shall have in the limit when fA is 
made indefinitely small and nh finite=v, say, 


[cosy dy x fismey dy> ("sin vy cos wy ap), 


1.0. ab > h?. 
Hence our conic section is in general an ellipse. 
Moreover the position of its centre is given by 
axthy+g= A 
ha+tby+f=0)’ 
and is independent of the magnitude of A, Hence 
for different values of A, these several conic-loci will 
all be concentric. We shall call this centre Q. 


144, Closed Oval. 

Next suppose that our original curve is a closed 
oval curve, and that the point P is within it. Then 
the limits oe integration are 0 and 27. 


Thus a= J costy, Vee sin’ dp=b 
0 0) 


2m 
and b={ cos vy sin y dy =0. 
0 


Hence the conic becomes 
(a+ y”) + 2ga + 2fy+2(A —A,)=0, 
i.e. a circle whose centre is at the point 


1 Qa il Qa : 
=| pcos dw, =| p sin Wy dw. 
0 0 


145. Connexion of Areas. 
The point Q having been found, let us transfer our 
origin from 0 to Q. The linear terms of the conic 
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will thereby be removed. Thus Q is a point such 
that the integrals \p cos dy and \p sin yy dy both 
vanish, and if II be the area of the pedal whose pole 
is Q we have for any other 
2A, = 211+ ax?+ 2hay + by? 
in the general case. The area of this conic is 
2a(A, —II) 
Jal ab — he 
(Smith's Conic Sections, Art. — Thus 
Ale ab— Ht sa 
For the particular case ae ae closed oval the equa- 


tion of the conic becomes 
2A,=211+ 2(2’*+y’), 


whence A STi 


Pena of conic). 


where 7 is the radius of the circle on which P lies for 
constant values of A,, 7.e. the distance of P from Q. 


146. Position of the Point © for Centric Oval. 
In any oval which has a centre the point Q is 
plainly at that centre, for when the centre is taken as 


origin, the integrals le coswdy and \v sin Wy day 


both vanish when the integration is performed for the 
complete oval (opposite elements of the imtegration 
cancelling), 


147. Ex. 1. Find the area of the pedal of a circle with 
regard to any point within the circle at a distance ¢ from the 
centre (a limagon). 

2 

Here 4\=U+2, 


and W=7a2. 


Hence A,=7a?+ eee 
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Ex. 2. Find the area of the pedal of an ellipse with regard 
to any point at distance ¢ from the centre. 
In this case II is the area of the pedal with regard to the centre 


=2 / *(atcos?O + bsin?@)d0=(a?+ ae 
0 


Hence A= Te + b?+c*). 


Ex. 3. The area of the pedal of the cardioide r=a(1 — cos 6) 
taken with respect to an internal point on the axis at a distance 
ce from the pole is 


37 (5 2 — Qa0 + 202 
go iA [Maru. Trivos, 1876. ] 


Let O be the pole, P the given internal point; p and p, 
the two perpendiculars OY, and PY, on any tangent from 0 


and P respectively ; <b the angle y,0P and OP=c; then 
py=p—ccosd, and 24,=2A— 26 |p cos db db + [eeosep dd. 


Fig. 36. 


Now in order that p may sweep out the whole pedal we must 
integrate between limits 6=0 and i= and double. Now in 
the cardioide (Fig. 36) 

p=0Q sin Y,Q0=09 sin 5009. 
[Dif Cale., p. 190.] 
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For ¥,00=3209 =£ 
7 
Hence os {b—(r - O)}= - 
30 30 Cae 
or patos oF and so oy 
SY p= sim 2" 2a sin? f= Qa wee 


Hence |p cos hdd -3/" ‘at cost cos hdd 


= 4a x af cos*z cos 32 dz 


z 
= 12a / [4 cos*z — 3 costz|dz 
0 


=19q| 42 3 2 2: 32 5 tla sara 
Pe ies Ce EN 


2 
Also [ercos%pap= on ol mh Smee 


2 2 2 
Finally 2A =2 ie . ‘Aateost td — 24a? “cose dz, 
. “y < ary 
A=1902” 3 1 m_ 15rd 
G4 2 2 @ 
l5ra? 3rac , 31c? 
DE Aloe x 
Aus 1 = Fi Zi 


= (54° — 2ac + 2c*). 


148. Origin for Pedal of Minimum Area. 
When 0 is taken as origin, it appears that 


2A, = AD +\(o cos Wr+y sin dy. 


Hence as the term {ee cos + ysin y-)"dyy is necessarily 


positive, it is clear that A, can never be less than II. 
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Q is therefore the origin for which the corresponding 
pedal curve has a minimum area. 


149. Pedal of an Evolute of a Closed Oval. 


The formula for the area of any closed oval proved 
in Art. 138 is 


area of oval= fle - (2 ) ay. 


dy 
CoTANG 
Hence 1| pd = oval + | ( a) dp. 
Pp 
Q Le 
i, 
O 
Fig. 37. 


which plainly expresses that the area of any pedal 
of an oval curve is equal to the area of the oval itself 
together with the area of the pedal of the evolute (for 
dp 
dy 


This also admits of elementary geometrical proof. 


is the radius vector of the pedal of the evolute). 


Ex. Find the area of the pedal of the evolute of an ellipse 
with regard to the centre. 
The above article shows that 


area of pedal of evolute=area of pedal of ellipse — area of ellipse 


=F(a +6*)—7ab= 5(a — by. 
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150. Area bounded by a Curve, its Pedal, and a 
pair of Tangents. 


Let P, Q be two contiguous points on a given 
curve, Y, Y’ the corresponding points of the pedal of 
any origin 0. Then since (with the usual notation) 

ip 
as the elementary triangle bounded by two 
Ls 
contiguous tangents PY, QY’ and the chord YY’ is to 
the first order of infinitesimals 


Ilence the area of any portion bounded by the two 
curves and a pair of tangents to. the original curve 


may be expressed as 
aD 
NGF dp, 


and is the same as the corresponding portion of the 
aren of the pedul of the evolute. 


151. Corresponding Points and Areas. 
Let f(x, y)=0 be any closed curve. Its area (A,) 
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is expressed by the line-integral \y dx taken round 


the complete contour. 
If the coordinates of the current point (x, y) be 
connected with those of a second point (€, 7) by the 


z 
relations v=™€, y =, this second point will trace out 
the curve f(m€,7)=0 whose area (A,) is expressed 


by the line-integral |7 dé taken round its contour. 


And we have 


Fy, eo \y i= [num Che man dé=mnA,, 


whence it appears that the area of any closed curve 
f(z, y)=0 is mn times that of fmex, ny)=0. 


152. Ex.1. Apply this method to find the area of the ellipse 


SOE oe 
oo 

: ge EN 
Putting z=, £7 


the corresponding point £, 7 traces out the circle 
P+77= Tih 
: ab : 
and area of ellipse =-— x area of circle 
pe: 


= ae Xn ab. 
Re 
Ex. 2. Find the area of the curve (mx? + n?y?)* = a?u + by. 
Let ma=§& ny=n, 
then the corresponding curve is 

2 2 

GE pg MOP 
(+0) a 4 ne, 
m nN 


2 b2 
; ae . 
or in polars (ik a cos?6 + a sin?6, 


the central pedal of an ellipse, symmetrical about both axes. 
EI. C. M 
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Hence the area of the first curve 


1 
= x area of second 
mn 


F/ 2 
| (cos? +5 sin*9 ) dé 
mn mm 


alee) 
~~ Imn\m2 22)" 


EXAMPLES. 
1. Find the area of the loop of the curve 

ay? =x(a— x). [I. C. S., 1882.] 
2. Find the whole area of the curve 

Oy? = a7 mn? — a. [12 C285 188i} 


3. Trace the curve a7z?=y7°(2a—y), and prove that its area is 
equal to that of the circle whose radius is a. 
[I. C. 8., 1887 and 1890. ] 
4, Trace the curve aty?=«#°(2a—«x), and prove that its area is 
to that of the circle whose radius is a as 5 to 4. 
5. Find the whole area of the curve 
f = ,at* — a? 
+a? [CLARE, etc., 1892. ] 


y 


6. By means of the integral i ydx taken round the contour 


of the triangle formed by the intersecting lines 
Y=G0+6, Y=arth, y=asvt+bs, 
show that they enclose the area 
(0, — bs)? a (b, — by)? eS by) 


2(ay— a3) 2(ay — ae Wag Gey 
[Sm. Prizx, 1876. ] 


and its asymptote. 


7. Find the area between 7?= 


8. If w be the angle the tangent makes with the axis of z, 
show that the area of an oval curve is 


r ip 
+ | ycos yds or + {xsin yds, 


the integration being taken all round the perimeter. 
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9. Find the areas of the curves 


(i.) c=a cost, Gi (2)'+(¥)f=1; fe (2 “ y <i 
y=bsin*t ; TN 7 aes a) :) a0) is 


~ 10. Find the areas bounded by ; 
‘aod v+y?=4a?, o*+y?=2ay, z=a. [H. OC. 8., 1881.] 
11. The parabola y?=axr cuts the hyperbola 2?-y?=2a? at 
the points ?, Q; and the tangent at P to the hyperbola cuts the 
parabola again in &. Find the area of the curvilineal triangle 
POR. [OxrorD, 1889.] 
12. Find the area common to the ellipses 
B?42y%=2e%, 272 +y2?=2e% [Oxrorn, 1888.% 
_ 13. Find the two portions of area bounded by the straight 
line y=ce, and the curves whose equations are 
P+y=er, y+ 4e2=4c2, {I. ©. S., 1891,] 
14, Find by integration the area lying on the same side of 
the axis of x as the positive part of the axis of y, and which 
is contained by the lines y?=4az, 2?+7?=2ax, w=y+2a. 
Express the area both when «# is the independent variable 
and when 7 is the independent variable. [Prrmrnovuss, etc., 1882.] 
15. If A is the vertex, O the centre, and P any point on the 
hyperbola w?/a? — y?/b?=1, prove that 


aoa, y=bsinh 28 
ab a 


where S is the sectorial area AOP. [Maru. TRIPos, 1885.] 
16. An ellipse of small eccentricity has its perimeter equal 
to that of a circle of radius a. Show that its area is 
ma?(1 —;e*) nearly. [a, 1883.] 
— 17. Find the curvilinear area enclosed between the parabola 
y= 4a and its evolute. 
18. Show that the area of the pedal of an ellipse with regard 
to its centre is one half of the area of the director circle. 
— 19. Prove that the area of the locus of intersections of 
tangents at right angles for the curve 
ety aad is fra’, (Maru. Tripos, 1888. ] 
20. Prove that if s be the are of the curve 
Tr=AS8eC a, } 
6=tana—a, 
where a is a variable parameter, measured from the initial 
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line to a point P on the curve ; and if A be the area bounded 
by the curve, the initial line, and the radius vector to P, then 


9.A?=2as*. 
21. Find the area of the closed portion of the Folium 
___3asin 6 cos 6 


*~ sin?0+ cos? [I. C. S., 1884.] 
In what ratio does the line v+y=2a divide the area of the 
loop 2 ~ [OxrorD, 1889. ] 


22. Find the area of the curve r=ade” enclosed between two 
given radii vectores and two successive branches of the curve. 
[Ternrry, 1881. ] 


23. Find the area of the loop of the curve r=aé cos 0 between 
= _w 
= andy =. [Oxworp, 1890.] 


24. Show that the area of a loop of the curve r=acosné is 
To 
n 


, and state the total area in the cases » odd, 7 even. 


25. Find the area of a loop of the curve r=acos 36+ 5bsin 30. 
[I. ©. 8., 1890.] 

26. Show that the area contained between the circle r=a@ and 
the curve r=acos 50 is equal to three-fourths of the area of the 


circle. [Oxrorn, 1888, ] 
27. Prove that the area of the curve 
7(2c?cos?6 — 2ac sin 6 cos 6+ a’sin?6) = a2c? 
is equal to zac. CUS tal Sioa 
28. Find the whole area of the curve represented by the 
equation r=acos 0+, assuming b > a, 
29. Find the area included between the two loops of the 
curve r=a(2 cos 0+,/3). [OxrorD, 1889. ] 
30. Find the area between the curve r=a(sec @+ cos @) and 
its asymptote. ; 
31. Prove that the area of one loop of the pedal of the 
lemniscate 7?=«a?cos 20 with respect to the pole is a”. 
{[Ox¥rorD, 1885. | 
32. Find the area of the loop of the curve 
(a-+y)a?+y?)=2axy. [OxrorD, 1890. ] 
33. Prove that the area of the loop of the curve 


v+y%i=5ax*y* is $a. [e, 1884. ] 
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34. Find the whole area contained between the curve 
ax? +y")= ay? — a") 
and its asymptotes. [Oxrorn, 1888. ] 


272 
Ship an =a?+b?—,7? in- 
p 


cluded between the curve, the semi-major axis, and a radius 


2 
vector 7 from the centre, is 2 tanta/® ae a, b being the 
semi-axes of the ellipse. [CLaARE, ete., 1882. ] 


36. Show that the arza included between the curve s=atany, 
its tangent at ~=0 and its tangent at ~=q¢, is 
sertan p+a*tan £ — a log(sec f+ tan ). 
[Trrinrvy, 1892. ] 
37. Show that the area of the space between the epicycloid 
p=Asin Bi and its pedal curve taken from cusp to cusp is ¢7A*B. 
38. Show that the curve r=a(3v3 + cos $6) has three loops 
whose areas are a%(3r+2V3), a%$r—5N3), a%siyr — 33) re- 
spectively. [CoLtEcES, 1892. ] 
39. Find the area of a loop of the curve 
vty =2e xy. [Oxvorp, 1888. ] 
40. Find the area of the pedal of the curve 


(aa)! + (by)3 = (a2 — dY)8, 


the origin being taken at a2=Na*—b*, y=0. [OxrorD, 1888. ] 
41, Find the area included between one of the branches of 
the curve #77'=a"(a?+y7) and its asymptotes. [a, 1887. ] 

42. Find the whole area of the curve 
w+ yt=a a? +7"). [a, 1887.] 


43. Find the area of a loop of the curve 
(mix? + n?y?)? =a*x? — by, (Sv. Joun’s, 1887. ] 
44, Trace the shape © the following curves, and find their 
areas :— 
CG.) +38 =ary*. 
(i.) (2? +27? =any'. 
[BELL, etc., SCHOLARSHIPS, 1887. ] 
45. Prove that the area of 


ey =1(4, ae mC 
gt +52) ™* dab 
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46. Prove that the area in the positive quadrant of the curve 


5 5 ll (ie. @ 
2 pale Baye) 2 ae ny? 
(ax? + by”)? =m +ny> is ae [a, 1890. ] 


47. Prove that the area of the curve 
(a?x? + b?y?)? = 8a? —y”) is Sala + (b? -- a?) tant b 


[St. JoHN oa 1883. ] 
48. Prove that the area of the curve 


5 any? a) ie 2) ae oe 
(2 bop tae Natt oa) \ pe tae}? 


where c is less than both a and 6, is r(ab—c?). — [Oxrorn, 1890.] 
49. Prove that the area of the curve «t—3ax>+a%(2a7+y")=0 
is 27a”. [Martu. Trios, 1893. ] 


50. Prove that the areas of the two loops ot the curve 
—2ar cos 6 -- 8ar+9a?=0 
are (32a + 24/3) a2, 


and (16m ~ 24</3)a?. 
(Marx. Tripos, 1875. ] 


CHAPTER XI. 


SURFACES AND VOLUMES OF SOLIDS OF 
REVOLUTION. 


153. Volumes of Revolution about the z-axis. 

It was shown in Art. 5 that if the curve y=/(z) 
revolve about the axis of « the portion between the 
ordinates w=a, and «=a, is to be obtained by the 
formula 

Ty? . AX. 


7 


Fig. 39. 


154. About any axis. 


More generally, if the revolution be about any line 
AB, and if PN be any perpendicular drawn from a 
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point P on the curve upon the line AB and P’'N’ a 
contiguous perpendicular, the volume is expressed as 


LitdawPN*. NN’, 
or if O be a given point on the line AB 


Bs [-PyedON), 
155. Ex.1. Find the volume formed by the revolution of the 
loop of the curve a (Art. 130, Ex. 3) about the #-axis, 
atx 
Here volume= i “nyde=1 / “pt de, 
“b 4 a+xr 


Putting a+2=z, this becomes 


= |  (g—a)y(Qa— 2) dy 
Z 


“a 


OE a og 5 
= —— — §@?+ 4az—22 \dz 
zg 
a 


yo [2a 
2s n| 2a° log z—5az + 2az*— Z| 
a 
=27ra*[log 2— 2). 


Fix. 2. Find the volume of the spindle formed by the revolu- 
tion of a parabolic are about the line joining the vertex to one 
extremity of the latus rectum. 


Fig. 40. 


Let the parabola be oP =4an. 
Then the axis of revolution is y=2z, 


y — 24 
and Pe mee 
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5 


=N a2 + 4y? + 4ay [V5 = 


a 
V5 
sar. 2 ax — x) 
DE IN erm ee 
/5 
and volume = / aPN?*.dAN 
epee (va fa\( JVa\ 1 
=T7 1 —c(Na —N& 1 -Boe eS) ae 
| 5 e ee 


Lda Le ea J5 
5/5 6 75 


156. Surfaces of Revolution. 


Again, if S be the curved surface of the solid traced 
out by the revolution ‘of any arc AB about the w-axis, 


Fig. 41. 


suppose PN, QM two adjacent ordinates, PN being the 
smaller, 6s the elementary are PQ, dS the area of the 
elementary zone traced out by the revolution of PQ 
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about the a-axis, y and y+dy the lengths of the 
ordinates of P and Q. 

Now we may take it as axiomatic that the area 
traced out by PQ in its revolution is greater than it 
would be if each point of it were at the distance PN 
from the axis, and less than if each point were at a 
distance QM from the axis. 

Then dS lies between 2ay ds and 27(y+dy)éds, and 
therefore in the limit we have 


Sa Iny or s=|2ny ds. 


This may be written as 
8 


rnyliae, (rnyay, fenyliae, [onya 
[any ao, a ates 2ary Tae, 2ry ete., 
as may happen to be convenient in any particular 

_ds ds ds 
example, the values of ae Zi de’ 


from the differential calculus. 


ete., being obtained 


157. Ex. 1. Find the surface of a belt of the paraboloid 
formed by the revolution of the curve y?=4ax about the w-axis. 


ly a ds a 
He EN ee teas | was 
da a Aa ep 

and surface = an [y Rae 
=4rVJa [vat adxz 


1 $ 5 
= Sra {(a, +0)? ~ (wy +a)"} 


Ex. 2. The curve r= a(1+cos @) revolves about the initial 
line. Find the volume and surface of the figure formed. 


Here volume = [rydoma [r%sint9 d(r cos 8) 


=7 | a°(1 +cos 6)sin?@a d(cos 6 + cos?6), 
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the limits being such that the radius sweeps over the upper 
half of the curve. 


Hence volume= za? i a 1+cos 6)°(1 +2 cos 6)sin?6 d6 
0 


wa [C1 +4 cos 6+5 cos?6+ 2 cos*9)sin? Add 
0 


= Ira? [a +5 cos?@)sin®@ dé 


= aro Ses} ee) = 2s" 


The surface =2n[y ds= an {"r sin 0 F0 
0 


= Dar fra + cos O)sin OVa*(1 + cos 0)? + asin? dd 


= ana? {"(1 +cos @)sin 6. 2 cos £0 
0 


= Gru | con's G ; sin $9 


0 


oar! 
cose 39 
==3?2?da?| — — ST 
wale 


EXAMPLES, 


1. Obtain the surface of a sphere of radius a (i.) by Cartesians, 
(ii.) by polars, taking the origin on the circumference. 
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2. A quadrant of a circle, of radius a, revolves round its chord. 
Show that the surface of the spindle generated 


= 2na°V3(1-7), 
3 
and that its volume =§ 7g10-8n) 
3. The part of the parabola y?=4ax cut off by the latus 


rectum revolves about the tangent at the vertex. Find the 
curved surface and the volume of the reel thus generated. 


THEOREMS OF PAPPUS OR GULDIN. 


158. I. When any closed curve revolves about a 
line in its own plane, which does not cut the curve, 
the volume of the ring formed is equal to that of 
a cylinder whose base is the curve and whose height 
is the length of the path of the centroid of the area 
of the curve. , 

Let the z-axis be the axis of rotation. Divide the 
area (A) up into infinitesimal rectangular elements 
with sides parallel to the coordinate axes, such as 


Fig. 43. 


P,P,P3P,, each of area dA. Let the ordinate P,N,=y. 
Let rotation take place through an infinitesimal angle 
60. Then the elementary solid formed is on base 64 
and its height to first order infinitesimals is yé0, and 
therefore to infinitesimals of the third order its volume 


is 6A . y60. 
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If the rotation be through any finite angle a we 
obtain by summation 6A .y. a. 

If this be integrated over the whole area of the 
curve we have for the volume of the solid formed 


aly dA, 


Now the formula for the ordinate of the centroid 
of a number of masses ,, M,, ..., with ordinates 
a ee gay. If then we seek the value of 
the ordinate of centroid of the area of the curve, each 
element dA is to be multiplied by its ordinate and 
the sum of all such products formed, and divided by 
the sum of the elements, and we have 

5 at ye 
ip eaY 
or in the language of the Integral Calculus 


[yaa [yaa 


Vie : 

| dae. A 

Thus \y JA = AG. 
Therefore volume formed = A(a7/). 


But A is the area of the revolving figure and ay 
is the length of the path of its centroid. 

This establishes the theorem. 

Cor. If the curve perform a complete revolution, 
and form a solid ring, we have 


a=27 and volume= A(27y). 


159. Il. When any closed curve revolves about a 
line in its own plane which does not cut the curve, 
the curved surface of the ring formed is equal to that 
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of the cylinder whose buse is the curve and whose 
height is the length of the path of the centroid of the 
perimeter of the curve. 

Let the w-axis be the axis of rotation. Divide the 
perimeter s up into infinitesimal elements such as P,P 
each of length ds. Let the ordinate P,N, be called y. 
Let rotation take place through an infinitesimal angle 
60. Then the elementary area formed is ultimately a 
rectangle with sides Js and yd0, and to infinitesimals 
of the second order its area is és. ¥d0. 


Fig. 44. 


If the rotation be through any finite angle a we 
obtain by summation ds. ya. 

If this be integrated over the whole perimeter of 
the curve we have for the curved surface of the solid 
formed 


aly ds. 


If we seek the value of the ordinate (7) of the 
centroid of the perimeter of the curve, each element 
ds is to be multiphed by its ordinate, and the sum of 
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all such products formed, and divided by the sum of 
the elements, and we have ° 


_ Lt dyds 
Lt X68” 


or in the language of the Integral Calculus 


“i 


Thus ly dg= 67, 


and the surface formed = s(am). 


But s is the perimeter of the revolving figure, and 
ay is the length of the path of the centroid of the 
perimeter. 

This establishes the theorem. 

Cor. If the curve perform a complete revolution 
and form a solid ring, we have a= 27 and 


surface = s(277). 


Ex. The volume and surface of an anchor-ring formed by 
the revolution of a circle of radius a about a line in the plane of 
the circle at distance d from the centre are respectively 

volume= ma? x 2rd =277a"d, 
surface=2ra x 2rd =4rad. 


EXAMPLES. 


1. An ellipse revolves about the tangent at the end of the 
major axis. Find the volume of the surface formed. 

2. A square revolves about a parallel to a diagonal through 
an extremity of the other diagonal. Find the surface and 
volume formed. 

3. A scalene triangle revolves about any line in its plane 
which does not cut the triangle. Find expressions for the 
surface and volume of the solid thus formed. 
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160. Revolution of a Sectorial Area. 


When any sectorial area OAB revolves about the 
initial line we may divide the revolving area up into 
infinitesimal sectorial elements such as O1Q, whose 
area may be denoted to first order infinitesimals by 
1r269. Being ultimately a triangular element, its 
centroid is 2 of the way from O along its median, and 
in a complete revolution the centroid travels a distance 


2r(2rsin0) or 47rsiné@. 


Thus by Guldin’s first theorem the volume traced 
by the revolution of this element is 


17769 . 47 sin 0 
to first order infinitesimals, and therefore the volume 
traced by the revolution of the whole area OAB is 


| rsin 6 dé. 


161. If we put 
v= 7 COs 0, y= sin O.. ands t—ta1.0: 


we have sin 9 60 =r'sin Od(tan~1t) 
=7"sin¢ - ee = 7° cos Ot. ob =art ot, 
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and the volume may therefore be expressed as 


grace dt. 


EXAMPLES. 


1. Find by integration the volume and surface of the right 
circular cone formed by the revolution of a right-angled triangle 
about a side which contains the right angle. 


2. Determine the entire volume of the ellipsoid which is 
generated by the revolution of an ellipse around its axis major. 
[I. C. S., 1887.] 
3. Prove that the volume of the solid generated by the 
revolution of an ellipse round its minor axis, is a mean pro- 
portional between those generated by the revolution of the 
ellipse and of the auxiliary circle round the major axis. 
PERCe Sensei 
4. Prove that the surface of the prolate spheroid formed by 
the revolution of an ellipse of eccentricity e about its major 
axis is equal to 


2.area of ellipse. {vi=e 1- a4 Sine} 


Prove also that of all prolate spheroids formed by the revolu- 
tion of an ellipse of given area, the sphere has the greatest 
surface. [I. OC. S., 1891.] 

5. Find the volume of the solid produced by the revolution of 


laa - about the axis of x. 


[I. ©. 8., 1892.] 


6. Find the surface and volume of the reel formed by the 
revolution of the cycloid round a tangent at the vertex 


hea sin 6, ) 
y=a(1—cos 0), J 

7. Show that the volume of the solid formed by the revolu- 
tion of the cissoid y*(2a—«)=2? about its asymptote is equal 


the loop of the curve prasarrags 


to 27?a*. [T'rrinrry, 1886. ] 
8. Find the volume of the solid formed by the revolution of 
the curve (a—x)y?=a?x about its asymptote. [I. C. S., 1883.] 


9. If the curve r=a+bcos@ revolve about the initial line, 
show that the volume generated is 47a(a?+*) provided a be 
greater than 0. [a, 1884. ] 

EB. 1. C. N 
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10. Find the volume of the solid formed by the revolution 
about the prime radius of the loop of the curve r?=a*@ cos 6 


ae gals 
between 6=0 and Oa: rOxponn) 159001 


11. Show that if the area lying within the cardioide 
7r=2a(1+cos 6), 


and without the parabola 7(1+cos #)=2a, revolves about the 
initial line, the volume generated is 187’. (Trinity, 1892.] 


12. The loop of the curve 2ay?=.«(x — a)? revolves about the 
straight line y=a. Find the volume of the solid generated. 
[OxrorD, 1890. ] 
13. Show that the coordinates of the centroid of the sectorial 
area of r=/(0) bounded by the vectors 6=a, =f, has for its 
coordinates 


3 | "ros 6dé g [nisin 6d6 


=, a 
C—— 


if Pee Pe ioe ee 
| r?dé i rd@ 


14. Show that the centroid of the cardioide 7=a(1—cos @) is 


aie : 2 5a oes 
on the initial line at a distance ve from the origin. 


15. If the cardioide r=a(1—cos @) revolve round the line 
p=r cos(6—y), prove that the volume generated is 

dpma? + Sr*a3cos y. [Sr. Joun’s, 1882.] 

16. The curve *=a(1—ecos 0), where e is very small, revolves 

about a tangent parallel to the initial line. Prove that the 
volume of the solid thus generated is approximately 

Qrr?a3(1 +e”), {TG Sie 18924 

17. The lemniscate 7?=a*cos26 revolves about a tangent at 


28 
the pole. Show that the volume generated is 7“ 


CHAPTER XII. 


SURFACE INTEGRALS. 
SECOND-ORDER ELEMENTS OF AREA. 
MISCELLANEOUS APPLICATIONS. 


162. Use of Second Order Infinitesimals as Ele- 
ments of Area. 


For many purposes it is found necessary to use for 
our elements of area second order infinitesimals. 


163. Suppose, for instance, we desire to find the 
mass of the area bounded by a given curve, the a-axis, 
and a pair of ordinates, when there is a distribution 
of surface-density over the area not uniform, but 
represented at any point by ¢=¢(a, y), say, where 
(x, y) are the coordinates of the point in question. 

Let Ox, Oy be the coordinate axes, AB any are of 
the curve whose equation is y=f(x); {a, f(w)} and 
{b, f(b)} the coordinates of the points A, B upon it; 
AJ and BK the ordinates of A and B. Let PN, QM 
be any contiguous ordinates of the curve, and w,«+dx 
the abscissae of the points P and Q. Let Lf, U be 
contiguous points on the ordinate of P whose ordinates 
are y, y+doy. And we shall suppose dz, dy small 
quantities of the first order of smallness. 

Draw RS, UT, PV parallel to the z-axis. Then the 
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area of the rectangle RST'U is dw. dy, and its mass 
may be regarded (to the second order of smallness) 
as (a, y)se dy. 
Then the mass of the strip PNMV may be written 
Lis, 29, yoy \ox, 
or in conformity with the notation of the Integral 


Calculus [ [ote nay | a 


between the limits y=0 and y=f(x). In performing 
this integration (with regard to y) « is to be regarded 
as constant, for we are finding the limit of the sum of 
the masses of all elements in the elementary strip PM, 
2.e. the mass of the strip PM. 


Fig. 46. 


If then we search for the mass of the area AJ KB 
all such strips as the above must be summed which 
lie between the ordinates AJ, BK, and the result may 


be written 
Ln 22 [ |v. yyily | 6a, 


which may be written 


\[ Joe. yily |de, 


the limits of the integration with regard to # being 
from «=a to v=b. 
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Thus mass of area 


b F(z) 
AJEB =| | ple, yily |e 


0 


bp fla) 
or | pa, y)dy da. 


aoe 


164. Notation. 
This is often written 


b psa) 

[seated 

a 0 
the elements dx, dy being written in the reverse order. 
There is no wniformly accepted convention as to the 
order to be observed, but as the latter appears to be 
the more frequently used notation, we shall in the 
present volume adopt it and write 


ee yjda dy 


when we are to consider the first integration to be made 
with regard to y and the second with regard to w, and 


ize y)dy dae 


when the first integration is with regard to # That 
is to say, the right-hand element indicates the first 
integration. 


Ex. If the surface-density of a circular disc bounded by 
z’+y’=a? be given to vary as the square of the distance from 
the y-axis, find the mass of the disc. 

Here we have px? for the mass of the element dv dy, and its 
mass is therefore ux2dz dy, and the whole mass will be 


/ i} parda dy. 


The limits for y will be y=0 to y=Na*—4? for the positive 
quadrant, and for « from =0 to v=a. The result must then 
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be multiplied by 4, for the distribution being symmetrical in 
the four quadrants the mass of the whole is four times that of 


the first quadrant. 
ra pVat—2x2 
Thus mass = 4 | | pv?dx dy 


On a0 
a Va 
4p. f ly] da 
H ) 
0 


=4y | “ead — veda. 
0 


Putting v=asin @ and dv=acos 6 dé, we have 


“3 
mass = 404 | sin?@ cos*0 d@ 
“0 
PONE) y ,gtve ava _ mp 
2E(3) 56g ripe 


=4ya4 


165. Other Uses of Double Integrals. 


The same theorem may be used for many other 
purposes, of which we give a few illustrative examples, 
which may serve to indicate to the student the field 
of investigation now open to him. But our scope in 
the present work does not admit exhaustive treatment 
of the subjects introduced. 
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Ex. Find the statical moment of a quadrant of the ellipse 


aa: 

at ia 
about the y-axis, the surface-density being supposed uniform. 

Here each element of area dx dy is to be multiplied by its 

surface density ¢ (which is by hypothesis constant in the case 
supposed) and by its distance x from the y-axis, and the sum 
of such elementary quantities is to be found over the whole 
quadrant. The limits of the integration will be from y=0 to 


St er wae 
y= -Na?— x for y; and from #=0 to «=a for. Thus we have 
a 


Ch 
ra p-Mat—x ra ———— 
moment = F ox dx dy = = | wn a — ada 
0 a 
= ae _(a#- Ay _ aba? 
a 3 0 oe 


166. Centroids. Cartesians. 

The formulae proved in statics for the coordinates 
of the centroid of a number of masses m,, Mg, Mz, «.. , 
at points (7, Y;), (@, Yo), ete., are 


We may apply these to find the coordinates of the 

centroid of a given area. (See also Arts. 158, 159.) 
For if « be the surface-density at a given point, 

then o dx dy is the mass of the element, and 

Xo dx dy)x 

Xo dx dy)’ 


or, as it may be written when the limit is taken 


[fox dx dy 
|e da dy 


t= 


SI 
I 
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\Jey da dy 
Similarly Ye 
[|e da dy 


the limits of integration being determined so that the 
summation will be effected for the whole area in 
question. 


Find the centroid of the elliptic quadrant of the Example in 
Art. 165. 
It was proved there that the limit of the sum of the ele- 


2 
0 oba 
mentary moments about the y-axis was a 


Also f i o dady=mass of the quadrant aoe 


Hence Fare | crab _4a 
i 3 4- 37 
Similarly que 
TT 


167. Moments of Inertia. 


When every element of mass is multiplied by the 
square of its distance from a given line, the limit of 
the sum of such products is called the Moment of 
Inertia with regard to the line. 

Such quantities are of great importance in Dynamics. 


Ex. Find the moment of inertia of the portion of the para- 
bola y?=4a% bounded by the axis and the latus rectum, about 
the x-axis supposing the surface-density at each point to vary 
as the nth power of the abscissa. 

Here the element of mass is 

pan" dxz Oy, 
- being a constant, andthe moment of inertia is 


Lt dpya"dx dy or ps if it purda dy, 


where the limits for y are from 0 to 2V az, and for w from 0 to a. 


DOUBLE INTEGRATION. 201 


We thus get 
a Vax a@ 8 3 
=/ 3 mg = Byte 
Mom. In. Al ly si ard . 8a*a2 * da 


= al see 16p 
n+3 = B(an-£ 5) 


Again, the mass of this portion of the parabola is given by 


a p2Nan a Wax 
MS / [ peda dy = | [y| aan 
J 0 
0 “o 0 


=2p0" |e ee a 
, 2n+3 
Thus we have Mom. In. about O7= £2043 yop 
3 Wn+5 
EXAMPLES. 


1. In the first quadrant of the circle v?+y?=a? the surface 
density varies at each point as zy. Find 
Gi.) the mass of the quadrant, 
i.) its centre of gravity, 
iii.) its moment of inertia about the x-axis. 

2. Work out the corresponding results for the portion of the 
parabola y?=4ax bounded by the axis and the latus rectum, the 
surface-density varying as #1. 

3. Find the centroid of a rod of which the line-density varies 


as the distance from one end. 
Find also the moments of inertia of this rod about each end 


and about the middle point. 


4. Find the centroid of the triangle bounded by the lines 
y=ma, =a, and the #-axis, when the surface-density at each 
point varies as the square of the distance from the origin. 

Also the moment of inertia about the y-axis. 


168. Polar Curve. Second-order Element. 


For polar curves it is desirable to use for our element 
of area a second-order infinitesimal of different form. 

Let OP, OQ be two contiguous radii vectores of the 
curve r=/(0); Ox the initial line. Let 0, 0+60 be 
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the angular coordinates of P and Q. Draw two cir- 
cular ares RU, ST, with centre O and radii 7 and 7+06r 
respectively, and let 64 and 67 be small quantities of 
the first order. Then 


area RSTU =sector OST —sector ORU 
=1(r+6r)60— $7760 


=7 60 dr to the second order, 


S 


and to this order RST'U may therefore be considered 
a rectangle of sides dr (RS) and 766 (are RU). 


Fig. 48. 


Thus if the surface-density at each point R(, @) is 
o=¢(7, 0), the mass of the element RSTU is (to second- 
order quantities or 60 dr, and the mass of the sector 
is therefore 


Lts,_ (2 or 6r]66, 


the summation being for all elements from r=0 to 
Va=i(C), 9.6. 
(0) 
| or ar |66, 


in which integration @ is to be regarded as constant, 
and taking the limit of the sum of the sectors for 
infinitesimal values of 66 between any specified radii 
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vectores OA(@=a) and OL(0=) we get the mass of 
the sectorial area OAB 


(0) 
=f av dx |Al6, 
a 0 


or as we have agreed to write it (Art. 164), 
Br) 
| | or dO dr. 


a “0 


Ex. Find the mass of a circle for which the surface-density 
at each point varies as the distance of that point from a point 
O on the circumference. 

Taking O as the origin, and the diameter through 0 as the 
initial line, and a as the radius, the equation of the curve is 


r=2acos 0. 
Then we have density at /? (7, 0) is pr, and mass of element 


RSTU is pr(r 60 &r). 


Fig. 49. 


The mass of the sector is therefore 


Ly, gS(ur*r)50 or | ‘| pridr |80, 
the integration with regard to 7 being between limits 
OR=0 and OR=OP=2acos 0. 
And if these sectors be summed for the whole circle, we 


have 
5 “2a cos 0 
mass=2 [ L| rear 6 
2 0 
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oy 2a cos 0 
or (Art. 164) =2 / / pr? dr 
“0 “0 


m a 3 2a cos O 7 Qp P z net = 32a? 
=2/ Eek dO =— . Bar 4) cos O00 = 
0 0 

169. Centroid. Polars. 


The distance of the centroid of a sectorial area from 
any line may be found as before by finding the sum 
of the moments of the elementary masses about that 
line and dividing by the sum of the masses. 

Thus o7 60 dr being the element of mass and 7 cos @ 
its abscissa, its moment about the y-axis is 


reos @.a7 60 or. 


\[r cos 0.a7rdédr 


[Jor Gags 


NG sin @.crd0dr 


Y — 
| ler dé dr 


Ex. 1. Find the centroid of the upper half of the circle in 
the example of Art. 168. 
We established the result for that semi-circle that 


[for 0 dr =16pa%. 


Also between the limits r=0 and r=2a cos 6 for 7, and 6=0 to 
= 5 for 6, 


Thus = 


and similarly 


T 


[fr cos Oar dO aa] cos ee "46 


3 42 32na4 
=4 at [ cos®6d0=4yat— = —2"h 
* | PS tale 
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d sai bs 6 do a i 4 ah cos 910 
an rsin Gor r= fe sin — 
h 4_lo 


5 
=4pat | sin 6 cos'§ d@ 
0 
a4 
) 4] - 298 ae 
Me D0 3h 
= BPE 
Hence zat S / Ha = 58, 
pate ise 5. 0a 
het cle A aa 


Ex. 2. Find the centroid of the area bounded by the 
cardioide r=a(1+ cos @), the surface-density being uniform. 


Fig. 50. 


The centroid is evidently on the initial line. To find its 


abscissa we have 
| [ros 6.rd0dr 
7 (ia ne ee eee, 


| i rdodr 


the limits for » being from r=0 to r=a(1+cos 6), and for 0 
from 0 to 7 (and double, to take in the lower half). 


T a(1+cos 6) 
The numerator =2 i) Ea cos 6d0 
0 


=5 a ["(cos 6+3 cos?0+3 cos*6 + cos*6)d0 
0 
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ly 


=sa | (3 cos?6+ cos40)d0 
“oO 

_4 (3 i eee Jl | 

B° Pgs Bags 

4,337 - one. 

3) Ae ea ee 


2 lo 


c1 27 a(1+-cos 6) 
The denominator =2 | el dé 
0 


= @ fo +2 cos 0+ cos*@)dé 
0 


= 2a° | +cos?0)d0 
0 


EN QT 1 ALS 2 
Qa =(1+2) gm. 


4 


im 5 
Hence — B= Fra8 | Sma? = 2a. 
4 2 6 
Ex. 3. Ina circle the surface-density varies as the nth power 
of the distance from a point O on the circumference. Find the 
moment of inertia of the area about an axis through O perpen- 
dicular to the plane of the circle. 

Here, taking O for origin and the diameter for initial line, the 
bounding curve is 7r=2a cos @, a being the radius. The density 
=pr". 

Hence the mass of the element 760 6r is pr*t150 dr, and its 
moment of inertia about the specified axis is pr”+*00 dr. 
Hence the moment of inertia of the disc is 


| [pers*a0 dr 


where the limits for 7 are 0 to 2a cos 6, and for 6, 0 to = (and 
double). 2 
n+4 
a cos 0) do 
n+ 4 


seme fee 
Thus Mom. Inertia=2 | ps 
0 


eeroy cr | dO 


7 


22 (9,4\n4sU 3 iis +2 
= 9a)” agan+t d ? 
n+ ri ) M+ if ee 
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Again, the mass of the disc is 


3 2a cos 0 
M=2 | ‘) pr6 dr 
0 0 


2 2 5 2 
— 2 n+2 +2 i 
serra a) | cos"*?6 d@ 
= 42 +2043) yap 


Hence Mom. Inertia ae 
(n+4)? 


EXAMPLES. 


1. Find the centroid of the sector of a circle 
(a) when the surface-density is uniform, 
(8) when the surface-density varies as the distance from 
the centre. 

2. Find the centroid of a circle whose surface-density varies 
as the mth power of the distance from a point O on the circum- 
ference. 

Also its moments of inertia 

(1) about the tangent at 0, 
(2) about the diameter through 0. 

3. Show that the moment of inertia of the triangle of uniform 
surface-density bounded by the y-axis and the lines y=mv7+c,, 
Y=MoL+ Cy about the y-axis, is 

ell Z see 
6 \m,—m,/’ 
where J/ is the mass of the triangle. 

4. Find the moments of inertia of the triangle of uniform 
surface-density bounded by the lines 

YEML+C, YHMatCy Y=MsCt Coy 
about the coordinate axes; and show that if J/ be the mass of 
the triangle, they are the same as those of equal masses Be 
placed at the mid-points of the sides. 3 
5. Show that the moments of inertia of a uniform ellipse 


Dana 
bounded by “+ a =1 about the major and minor axes are 
BAG 
2 2 
Le and = and about a line through the centre 
2442 
and perpendicular to its plane, pee 
of the ellipse. 


respectively 


, M being the mass 
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6. Find the area between the circles r=a, r=2acos@; and 
assuming a surface-density varying inversely as the distance 
from the pole, find 

(1) the centroid, 
(2) the moment of inertia about a line through the pole 
perpendicular to the plane. 

7. Find for the area included between the curves 

yp=Aax, 
v= Aay, 
(1) the coordinates of its centroid (assuming a uniform 
surface-density ), 
(2) the moment of inertia about the w-axis, ; 
(3) the volume formed when this area revolves about the 
@-aXls. 
8. Find the moment of inertia of the lemniscate 7?= a?cos 20 
about a line through the pole perpendicular to its plane 
(1) for a uniform surface-density, 
(2) for a surface-density varying as the square of the 
distance from the pole. 
9. Find 
(1) the coordinates of the centroid of the area of the cycloid 
e=a(O+sin 9), y=a(l—cos 6); 
(2) the volume formed by its revolution 
(a) about the base (y=2a), 
(b) about the axis (7=0), 
(c) about the tangent at the vertex. 


rep cete 


se 


ELEMENTARY DIFFERENTIAL 
EQUATIONS. 


CHAPTER XIII. 


DIFFERENTIAL EQUATIONS OF THE FIRST 
ORDER. 


VARIABLES SEPARABLE. LINEAR EQUATIONS. 


170. it is proposed to add a brief account of the 
common methods of solution of the more ordinary 
forms of differential equations leading up to such 
as are required by the student in his reading of 
Analytical Statics, Dynamics of a Particle, and the 
elementary portions of Rigid Dynamics. 

We shall not enter at all upon the solution of 
differential equations involving partial differential 
coefficients. 


171. Genesis of a Differential Equation. 


Let us examine for a moment how the “ordinary ” 
differential equation is formed, and what kind of 
result we are to expect as its “solution.” 

Any equation, such as 


CORR UNA 008 OR ere (1) 


in which the form of the function is known, is repre- 
sentative of a certain family of curves, for each indi- 
vidual of which the constant a receives a particular 
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and definite value, the same for the same curve but 
different for different curves of the family. 

Problems frequently occur in which it is necessary 
to treat the whole family of curves together, as, for 
instance, in finding another family of curves, each 
member of which intersects each member of the former 
set at a given angle, say a right angle. And it will be 
manifest that for such operations, the particularizing 
letter a ought not to appear as a constant in the 
functions to be operated upon, or we should be treat- 
ing one individual curve of the system instead of the 
whole family collectively. 

Now a may be got rid of thus :— 

Solve for a; we then put the equation into the form 


and upon differentiation with regard to x, @ goes out, 
and an equation involving «, y and y,, replaces 
equation (1). 

This is then the differential equation to the family 
of curves, of which equation (1) is the typical equation 
of a member. 

In the formation of the differential equation it may 
be impracticable to solve for the constant. In this 
case we differentiate the equation 


Tbs Ys CG) O 2s soe see oe eee (1) 
with respect to # and obtain 
a eT 
ae Oy da” 
and then eliminate a between equations (1) and (3), 


thus obtaining a relation between a, y, and y,, which 
is true for the whole family. 


For example, consider the family of straight lines obtained by 
giving special values to the arbitrary constant in the equation 


YrMX, 
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Solving for m, L—m, 
& 
and differentiating, %1— I —o, 
FE. 
or . Y=LYy. 
Otherwise, without first solving for m, we have 
Fi-™ 
and therefore falas 


This then is the differential equation of all straight lines 
passing through the origin, and expresses the obvious geometri- 
cal fact that the direction of the straight line is the same as that 
of the vector from the origin at all points of the same line. 


172. Again, suppose the representative equation of 
the family of curves to be 


Ie Ue 0) Oy evans Sete (1) 
containing two arbitrary constants a, b whose values 
particularize the several members of the family. A 
single differentiation with regard to « will result in 
a relation connecting a, y, y,, 4, 0; say 


SEM sy PhO Hn price ance awry ed (2) 


If we differentiate again with regard to a we shall 
obtain a relation connecting &, ¥, Y;, Yo, 4, 0; say 


AO Yo Uo OO) Oa seu nateat abide (3) 
and from these three equations a and b may theoreti- 
cally be eliminated (if they have not already dis- 
appeared by the process of differentiation), and there 
will result a relation connecting x, y, Y,, Yo; Say 


Ka, Y Uv Yx)=9, 
the differential equation of the family. 


173. Order of an Equation. 


We define the order of a differential equation to be 
the order of the highest differential coefficient occurring 
in it; and we have seen that if an equation between 
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two unknowns contains one arbitrary constant the 
result of eliminating that constant is a differential 
equation of the first order; and if it contain two 
arbitrary constants the result is a differential equation 
of the second order. And our argument is general : 
so that to eliminate arbitrary constants we shall 
have to proceed to ” differentiations, and the result is 
a differential equation connecting x, Y¥, Yy,---, Yn, and 
is therefore of the nth order. 


Ex. 1. Eliminate a and ¢ from the equation «7+ y?=2axr+e. 
Differentiating, + YY =4. 
: “ed : pb Z 

Differentiating again, 1+7,?7+yy,=0, 
and the constants having disappeared we have obtained as their 
eliminant a differential equation of the second order (y, being 
the highest differential coefficient involved), which belongs to all 
circles whose centres lie on the x-axis. 


Ex. 2. Form the differential equation of all central conics 
whose axes coincide with the axes of coordinates. 
Here the typical equation of a member of this family of 
conics is 
Ax’? + By?=1, 


and we have Az+ Byy,=0 
and A+ By? +yy2)=9, 
whence BY? + YYo) — YI =9 


is the differential equation sought. 


174. Elimination an irreversible process. 


Now this process of elimination is not in general a 
reversible process, and when we wish to discover the 
typical equation of a member of a family of curves 
when the differential equation is given, we are com- 
pelled to fall back, as in the case of integration, upon 
a set of standard cases, and many equations may arise 
which are not solvable at all. 

We may infer, however, that in attempting to solve 
a differential equation of the mth order we are to 
search for an algebraical relation between a, y, and n 
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arbitrary constants, such that when these constants 
are eliminated the given differential equation will 
result. Such a solution is regarded as the most 
general solution obtainable. 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER. 


175. There are five standard forms. 
CasE I. Variables Separable. 


All equations in which it is possible to get da and 
all the «’s to one side, and dy and all the y’s to the 
other, come under this head, and solve immediately 
by integration. 


dy 


Ex. 1. Thus if secy=sec v—% 

1 y ie 
we have cos 7 dxz=cosy dy, 
and integrating, sin.v=sin y+ A, 
a relation containing one arbitrary constant A, 

; oak dy 
Bee If sca a 
- y+ a 
we have (« + T\de=(y'+y)dy, 
2 Be 
and therefore st loga=", +4 +A, 


containing one arbitrary constant A. 


EXAMPLES. 


Solve the following differential equations :— 
1. w cos*y dx=y cos*x dy. 


dy #+2+1 3 dy y+ytl_o 
dx yt +y+l ‘dx’ a*+a4+1 


4, Show that every member of the family of curves in Ex. 3 
cuts every member of the set in Ex. 2 at right angles. 


dy 1+% dy 


Ca Pan ees (i+ 2+2"). 6. ae pate 
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7. Show that all curves for which the square of the normal is 
equal to the square of the radius vector are either circles or 
rectangular hyperbolae. 


8. Show that a curve for which the tangent at each point 
makes a constant angle (a) with the radius vector can belong to 
no other class than r= Ae? et®, 

9. Find the equations of the curves for which 

(1) the Cartesian subtangent is constant, 
(2) the Cartesian subnormal is constant, 
(3) the Polar subtangent is constant, 
(4) the Polar subnormal is constant. 


10. Find the Cartesian equation of the curve for which the 
tangent is of constant length. 


176. Casz II. Linear Equations. 

[Drer. An equation of the form 
when P, Q,..., K, R are functions of « or constants is 
said to be linear. Its peculiarity lies in the fact that 
no differential coefficient occurs raised to a power 
higher than the first. ] 

As we are now discussing equations of the first 
order, we are limited for the present to the case 


y,t+Py=. 


If this be multiplied throughout by ¢/” it will be 
seen that we may write it 


d JP dx _ JP da 
daV? )= Qe ° 


Thus yo! (gel “do+A, 


a relation between w and y satisfying the given 
differential equation, and containing an arbitrary 
constant. It is therefore the solution required. 


The factor e/”” which rendered the left-hand mem- 
ber of the equation a perfect differential coefficient is 
called an “integrating factor.” 
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Ex. 1. Integrate y,+ay=2. 


a 
azdx 
Here 2 or e* is an integrating factor, and the equation 
may be written 


dp) 
a" )=xe ) 
a bd 
or ye? =e? +A, 
2 
i.e. y=1+Ae ?. 
Ex. 2. Integrate dy 1, 8 
= dz x 
frax 


Here the integrating factor ise" * =el%*= , and the equation 
may be written 


ad 
— (xy) =23 
Ft ea 
a 
and ay=7 +A, 
mere 
or gS tt 


177. Equations reducible to linear form. 


Many equations, if not immediately of the linear 
form 


dy 
pete a ®, 
may be immediately reduced to it by change of the 
variables. 

One of the most important cases is that of the 


equation 


d 
at + Py=Qy", 
or y~ 4 Pym = i 
Putting Yi N=e, 
Br ee 
we have ay dy= ae 
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dz 

—n)Pz=QU—n), 
or dat n)Pz=Q1-n) 
which is linear, and its solution is 


po = myfP da ‘a —n)fQer dat A 
Ro. yf aa ~nyfP dae _ (r— myfae® Oy Me, Bal 


dy .Y_,2 
Ex. J: Int te +4=y". 
x ntegrate 7 +o =y 


dy ,y 
H i ity at (a 
ere y Be 7 : 
F 1 
or putting ae 
aes 
da x ’ 


and the integrating factor being 


fa! 
. sy ra 


xv 
d & 1 
we have ge (eae, 
da\x L 
1.€. lea rea yb 
Lv x 
. i 
1.e. ==Av—L 10g x. 


Ex. 2. Integrate the equation = +2 sin 2y=x%cos*y. 
we 
Dividing by cos*y we have 
dy 
sec’y—4 + 2x tan y=2". 
ga ee 

Putting tan y=2, 
ee 
dx 
ee or e”, giving 


LO i wer dx+A, 


Ops 
we have 4+ 2uz=2", 


and the integrating factor is e 
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Let on 
then 20 dx=dw, 
so that / Be da=+ / we’dw 
=$e%(o—1), 
Thus tan y.e? =te"(a?-1)4+A 


is the solution of the given equation. 


It will be obvious that for examples of this kind 
considerable ingenuity may be called into play in 
order to effect the reduction to the linear (or other 
known) form. 


EXAMPLES. 
Integrate the equations 
1. (140% + y mean 4, ata 
2. WY ay=sin bax. 5. 1+’) + (e-em) —0, 
a &: (5-4) 


7. Show that no greater generality is obtained in the solution 
of Art. 176 by adding a constant to the index in obtaining the 


integrating factor ol Ze 

8. Find the curves for which the Cartesian subnormal varies 
as the square of the radius vector. 

ie the equations 


dy ¥ _¥ dy Oe dy n 
9. 10. Diese Mile eee ry = : 
dz gu Eee - dx pawee 
12. 28 - tan y = Peel, siny. [Put y=sin~’z.] 

dz 2 a 9 ss 
See —eE oor (loo). [Put z=e%.] 

thie “ge Seale 
14. da Te a [Put z=logy.] 

Te g: 


15. Find the curves for which the sum of the reciprocals of 
the radius vector and the polar subtangent is constant. 
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— 


16. Find the polar equation of the family of curves for which 
the sum of the radius vector and the polar subnormal varies as 
the nth power of the radius vector. 


17. Show that the curves for which the radius of curvature 
varies as the square of the perpendicular upon the normal 


belong to the class whose pedal equation is 2p? =P +. i a+ Ae, 
& being a given constant and A arbitrary. ko 2k? 
18. Integrate the equations 
dy ,1_e dy tany 
Il) Seb 3) 30h = es (I #4 : 
() dame ie @ dx 1+z RO cey 


iy ee dy fv gr7_) Haba) 
(2) det e~4sin ba. (4) a Foe Ca 


CHAPTER XIV. 


EQUATIONS OF THE FIRST ORDER—Continvuep. 


HOMOGENEOUS EQUATIONS. ONE LETTER ABSENT. 
CLAIRAUT’S FORM. 
178. Case III Homogeneous Equations. 


Equations homogeneous in # and y may be written 


eil% $)-0 


(a) In this case we solve if possible for dy and 


da 


obtain a rest of the form 


it-4() 


Putting ee Vu, 

we obtain u+ of = ¢(v), 
as * Les 

oe pv)-v av’ 


and the variables are separated and the solution thus 
comes under Case I., giving as result 


dv 
log Aw = bos 
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(>) But if it be inconvenient or impracticable to 


dy 
solve for a , we solve for . and write for —* a , and 
we have 
Aerts. © 0) Mi sar RR Ar seu ac ic: (1) 


Differentiating with respect to «, 


P= Hp) + ag" one, 


LMC AG D2 

e p—op) 
Integrating this equation we have w expressed as a 
function of » and an arbitrary constant 


Ati= ED) (Say,). voce sseas sence eae (2) 


Eliminating » between equations (1) and (2) we 
obtain the solution required. 


or 


Ex. 1. Solve (# +9 ye 
e 


Here dy ess 


and putting Yy=4, 


or FY eee eh ee Se 


1 
or log Ar=— — log v, 
ee 


Ex. 2. Suppose the equation to be 
£04 (ay, 


az dx \de)’ 


0.2. y=a(pt+p). 
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Then p=(pt p?)+x1+ ap AP, 
or os ( oe 
ie NW 
giving log dv+2 log p—==0, 
P 
a 
1.€. Anp*=e?P ; 


and the p-eliminant between 


De peed. 
p+p=t 

iy 

and Aup? =e? 


is the solution sought. 
This eliminant is 


ate (—a2 tte) 2 {sre yee) 


But when it is algebraically impossible to perform the 
elimination of p, or when, if performed, the result will be 
mal ifestly unwieldy, it is customary to leave the two equations 
containing p unaltered, and to regard them as simultaneous 
equations whose p- -eliminant if found would be the required 
solution. 


EXAMPLES. 


Solve the differential equations 


li Bil == 


2. (Ba+4y)=(5a+ oy. 


oh _ 2 
oe We 
dy (Sy. 
ges o{ T+ ee 
=a ee 
5. y safe 7 aR 


Be rs o}. 
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179. A Special Case. 


wy = ois: oy a is readily reduced to 
da watbyt+e 
the homogeneous form thus :— 


The equation 


Put x=E&+h, 
y= nt+k. 
Then dn  a€+bn+(ah+bk+e) 


dé wé+bnt+(dh+vk+e) 
Now choose h, & so that 
ah+bk+c=0, 
wh+bk+¢=0 
h | geen 
be —b’c ca —ca ab’—ab 
dn = agé+ by 
dé Vé+by 
This equation being homogeneous we may now 
put 7=vé, and the variables are separable as before 
shown. 


2.€. so that 


Then 


180. There is one case, however, in which h, k 
cannot be chosen as above, viz., when 
Ole 


| 


Gow e 


Now let = =m and aa+ by = n. 


dy 2! ee 
Then ee S1_a), 
so that oe pa 

da mn+e 

dy (am+ b)n+ac’+be 
or = ; 

da mn+e : 
and a mn+te 


oa (am+b)n+ac+ peu 
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The variables being now separated, the integration 
may be at once performed. 
181. One other case is worthy of notice, viz., 
dy  ac+by+e 
da —ba+b'y+e” 
when the coefficient of y in the numerator is equal to 
that of « in the denominator with the opposite sign. 
For then we may write the equation thus 
(ax+e)da+ bly dz+ady)=(b’'y+e)dy 
an “exact” differential equation; the integral being 
ax* + 2cx+ 2bay =b'y?+2cy+A, 
A being the arbitrary constant. 


Ex. 1. Integrate ag Behe! Wats 
dz x+ty—3 
Put v=éi+h, y=7+4, so that 
dn _2E+3n+(2h+3k—8) 
di E+n+(h+k-8) © 
Choose / and & so that 
2h+3k—8=0,) fe. fat, boo, 


he bon 6 | 
dn 2E+3n 
th 2ibeS Ni 
= dé ttn 
Now put 7=vé, then 
dv _ 2+3v 
tia 1+?” 
ee 2+30_ v2? —Qv— 2 
dé l+v v+l1l ’ 
dé _ e+ dv 
£ y—1/?-3 


“Le ee ae. V3 o— ipa) 1 


1 —l 3 
. -logé= 5 logt(o— Ly Fate z log” at 
where é=2—-1 and ae 3 
a—1 


E. 1.C. Ny 
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Ex. 2. Integrate Tees ay 
de x#x+y—1 
Let #+y=n, then 
dy mn 24-1 
pt fk 
dx a -1 n-1’ 
Qe y =/1- 1 |e 
and da ee 5 a dn, 
, w=$n—F log(2n—1)+A, 
where _ H=aet+y. 
EXAMPLES, 
Integrate the equations : 
ee eee Pee Wet 
“dx 3a+2y “du bu+ay-b 


9, Wy _vt2y -3 5, y _etytl 
da IWw+y—-3 “dx aty-1 
3, dy _2ut+y-2 g Wa etytt 
“da 3u+y-3 “dx Qv+2Qy+V 


Ze (20+ 3y— 5) +30 4+2y-5=0, 
du 


8 (2.0 + 3y — 5) + 20-+3y -1=0. 


9. Show that a particle 7, y which moves so that 
dy 


a =an+hy+g, 
Ge Gr by eh) 
dt 2 2 


will always lie upon a conic section. 
10. Show that solutions of the general homogeneous equa- 


tion f 2) must always represent families of similar 


curves, 


- y aa ' 
11. Show that solutions of Az ) are homogeneous in wv, 
2 axe % 


y and some power of a single constant, and conversely that if 


the typical equation of a member of a family of curves be homo- — 


geneous in w, ¥ and some power of one constant, the differential — 
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equation of the family is homogeneous and the family consists 


of similar curves. 
12. State which of the following families of curves are similar 


sets :— 


(1) 7? =4ax. (4) y=2a*log =. 
(2) y=acosh . (5) b tan-/ —a+y, 
z 
2 92 
(3) ait pin (6) #+y' =3axry. 


for different values of a and b. 


182. Case IV. One letter absent. 


x absent. 
A. Suppose # absent from the differential equation, 
which then takes the form 


ily, zt) =0, 


dy : 
we now solve for 5% or y, as may be most convenient. 


di 
(i.) If we solve for oy we throw the equation into 
the form 
dy 
T= HY) 
dy 
Th da= ; 
- p(y) 
and the integral is 
dy 
¢= | 4 
vy) 


ii.) If this be inconvenient or impossible we may 
solve for y and obtain y=¢(p), where p stands as 


before for ay 
dix 
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Differentiate with regard to a, 2.e. the absent letter. 


The p= 6 nye 
and dae= Pap, 
Thus C= [ePap +A. 


After the integration is performed we eliminate p 
between this equation and y=¢(p) and the solution 
of the given equation is obtained. 


183. y absent. 


B. Suppose y absent from the differential equation, 
which then takes the form 


fo, 't)=0 


this may be written 


(a =o 


and therefore if y be regarded as the independent 
variable the foregoing remarks apply to this case also. 
Thus 


(i.) if convenient we solve for ie and obtain a 
result of the form Y 


a 


Since g = 


TE 
dy 


= $(2), 
da 


then dy = ‘Kay 


and the integral is 


y=|gat Ba)" 
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Gi.) But if this solution for ss be inconvenient or 
impossible we solve for a and obtain a result of the 


form «= 4(q) where g stands for ae Then differen- 


dy 
tiating with regard to y, the absent letter, 


=w(q)t 
qI=$¢ Day 
Thus dy = eda, 


and va [22 Dag A. 


After the integration we eliminate q between this 
equation and «=¢(q), and the solution of the given 
equation is obtained. 

The student should note that in either case, x absent 
or y absent, we solve for - by preference if possible. 
But when this is impossible or inconvenient we solve 
for the remaining letter and differentiate with regard 
to the absent one; thus considering the absent letter 
in either case as the independent variable. 


Ex. 1. Integrate the equation 1+? - 10, 


dt & y=(w t\a 
Here a ee dy ite a 
2 
and y=% tlogatA 


is the solution. 


Ex. 2. Solve eee (a) 


da dz 
Then v= me 7 
where q= es 


dy 
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Then differentiating with ae to the absent letter y, 


dg 
=({1— 
q ( lee 
or dy 11 

dg gq 
and y=logqt std, 


and the qg-eliminant between this equation and the original 


equation fegrn is the solution required. 
q 


EXAMPLES. 
Solve the equations : 
ils oy + 5. Cay + yf = a+ 2ay. 
Goel a a) Hen 
3. Mat oh 0-0. 7. y= A( ay +3( a). 
4, (Qan + 2) — a? + 2a, 8. a) =A +BY, 


184. CasE V. Clairaut’s Form, y= ool TL A 


Writing p for a we have 
PPA TD). ues ane (1) 
Differentiating with ee to a, 
t 
p=p+e P+ f(p be 
| 
or i@tfG Nee c= 32) 


rapes dp hee 
whence either na or «+f en 
dp 


Now ea! gives p=C a constant. 
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Thus y= Cx+/(C) is a solution of the given differ- 
ential equation containing an arbitrary constant C. 
Again, if p be found as a function of « from the 


equation ; 
‘d aaa dis aa ae ee (3) 


equation (2) will still be satisfied, and if this value of 
p be substituted in equation (1), or which is the same 
thing, if p be eliminated between equations (1) and (3) 
we shall obtain a relation between y and a which also 
satisfies the differential equation 

Now to eliminate p between 


y=pe+f (p) } 


O= a+f(p) 

is the same as to eliminate C' between 
y=Cao+f(C) \ 
0= x+/(C) 


i.e. the same as the process of finding the envelope of 
the line y= Cx+f(C) for different values of C. 
There are therefore two classes of solutions, viz. : 


(1) The linear solution, called the “complete primi- 
tive,” containing an arbitrary constant. 

(2) The envelope or “singular solution” containing 
no arbitrary constant and not derivable from 
the complete primitive by putting any 
particular numerical value for the constant 
in that solution. 


The geometrical relation between these two solu- 
tions is that of a family of lines and their envelope. 

It is beyond the scope of this book to discuss fully 
the theory of singular solutions, and the student. is 
referred to larger treatises for further information 
upon the subject. 
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Ex. Solve y=px + 
By Clairaut’s rule the complete primitive is 
Sy 
y m 


and the envelope or singular solution is the result of eliminating 
m between the above equation and 


a 
0=2-——.. 
m 


Ves oft =4an. 


The student will at once recognize in the singular solution 
y’?=4ax the equation to a parabola, and in the complete primi- 


tive y=mx+— the well known equation of a tangent to the 
m 


parabola. 


EXAMPLES. 


Write down the complete primitive, and find the envelope 
solution in each of the following cases :-— 


1. y=px+p?. 4. y=pat+Narp +b? 
2. y=pat+p>. 5. y=("%—a)p —p. 
3. y=potp” 6. (y— pap —1)=p. 
185. The equation 
Y= GP) ALK), s- <0 svaddas. Sane ee (1) 


may be solved by differentiating with regard to x, 
and then considering p as the independent variable. 
For differentiating, we have 


p=9(p) vp (pee voy. 
da o(p) W'(p) 
h bia AEN LUA eo | LON Bie 
whence pt” ( ) p (p) > 


which is linear, the solution being 


[Pi@yip Wp) ’'(p)dp 
ae) PP)-P - | ele PP) Pg HAs estink (2) 
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If now p be eliminated between equations (1) and 
(2), the complete primitive of the original equation 
will result. 


Ex. Solve é YH LPR PAs sasedowondesese diet cutee (1) 
d, d, 
We have p=%p + w+ ap, 
d. 
or Pa, + Be= — 2p, 
ie. 5(PPa)= ~ opt, ; 
giving TRL RI Ay oso napescpttears hark ghee (2) 


The p-eliminant from these two equations may now be found 
by solving equation (1) for p, and substituting in equation (2). 
But if it be an object to present the result in rational form, we 
may proceed thus :— 


By equation (2) 2p?+3p27+34=0, 
from (1) p+ 2p — py=0. 
Hence - p'x—Qpy—-3A=0. 
And by cross-multiplication between this equation and 
Pp + 2px —y=0, 
a ead a eS, 
Qy?+6Ae axy—3A Qa?+2y’ 
giving as the eliminant 
4(y?+3Axr\u?+y)=(ay —3A). 


186. The algebraic process of eliminating p being 
in many cases difficult or impossible, the equations (1) 
and (2) are often regarded as simultaneous equations 
whose p-eliminant is the solution in question but the 
actual elimination not performed. 


EXAMPLES, 
Solve the equations : 
ee 
Ip JSP ae 5. Y=(p+p”)a+ Da 
2. y=anpt+p. 
3. y=p'et+p%. 6. y=2pxr+p". 


ae y=(ptp et 7. y=apx t+ bp’, 
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8. The tangent at any point P of a curve meets the axis Oy in 
T, and OT? is proportional to the tangent of the inclination of 
PT to the axis Ox. Find the curve. [OxrorD, 1888. ] 

9. Find the differential equation of all curves which possess 
the property that the sum of the intercepts made by the tangent 
on the coordinate axes is constant. Obtain as the complete 
primitive the equation of the tangent, and as the singular solu- 
tion the curves in question. 

10. Obtain the curves for which the area of the triangle 
bounded by the axes and a tangent is constant. 

11. Form the differential equation of curves for which the 
leneth of the portion of the tangent intercepted between the 
coordinate axes is constant. Obtain and interpret the complete 
primitive and the singular solution. 

12. A curve satisfies the differential equation y=p(#—>p), and 
also that p=0 when w=4; determine its equation. 

[OxrorD, 1889. ] 

13. Find the complete primitive and singular solution of the 


equation 
3 
(od) 
i (y da =ofe ay dx \. [OxrorD, 1890.] 


14, Show that by putting v?=s and y?=¢, the equation 
Aayy,’ + (a? — Ay’ — B)y, — vy =0 
is reduced to one of Clairaut’s form. 


Hence write down its complete primitive and find its singular 
solution. Interpret the result. 


CHAPTER XV. 


DIFFERENTIAL EQUATIONS OF THE SECOND 
ORDER. 
EXACT DIFFERENTIAL EQUATIONS. 


187. Second Order Equation. 
We next come to the consideration of the differential 
equation of the second order, 
P@, Ys Yr» Y2) =O. 
There is no general method of solution, but particular 
forms arise which present but little difficulty. 


188. Casr I. Suppose the Equation linear. 


The typical form will be 
dy | »dy > 
da? gt Pat dy— tt, 


where P, Q, R are functions of a. 
The usual method is first to omit and try. to 


obtain or guess a solution of 
a me y 
matt, t Wy =0. 
Suppose y=/(z) to be oe a solution. Put 
y =2f(@). 
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Then YW =2K@)+2f(@); 
Yo= 2a f(a) + 22, f(x) + 2f"(@). 
Thus on substitution we get 
Mp fla) + 22, f(x) + 2f"(x) 
+ Pe, f(a) + Pef(x) 
+ Q2f(w)= RB. 
But f/(x)+ Pf()+ Qf(x)=0 by hypothesis. Hence 
DF (2% R 
at ey PP) jy 
an equation which is linear for z,. 
The integrating factor is 


F(z)? 
JL Pie 


and the first integral is 


af Ke)yre!”* =| Rf f@jyel "de+ A, 


or {flare 


whence the second integral may be at once obtained 
and the solution effected. 


act 


Ex. Solve = ae oe —ay=ae 4, 

Here y= makes C5 ey —=0. 

Put Y=XE 5 
then Y= Xe, Sa zy 

Yo = Uh + 224. ' 
Hence Ll + Ley + U'( U2, +2) — xX uz) =98e * 
at 
or int (2429 a= a6 * ; 
eae 


and the integrating factor is ¢ or xe4, 
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d a 
Thus qare 4) =x, 
at 

and aa7e4 = = +4, 

xt at 
ve, aahae $4464, 

z 
at at 
whence z=—le #44 [Ae tde+B, 
ao 


and the solution required is 


at at 
y= as ae Aa {Se *de+ Bo. 


189. CasE II. One letter absent. 
A. If x be absent, let y,=p, 
ad d 
then Y= oe = Pay : 
and the equation 4(Y, Y;, Y2) =0 
takes the form oly D pi) =0 
F > dy ) 
and is of the first order. 
B. If y be the letter Se let y,=p, 


th all 
en Yo ae 
and 4(@, Y,, Ya) becomes 
(« 7 ee) =0 
p ? Pp, da oc 
and again is of the first order. 
Ex. 1. Solve the equation yy).+y,?=2y*. 5 
Here w is absent. So putting y,=p and n=P ay we have 
dp . 2 dp? 2 
—s =Y 2 — = 2— 4. . 
YP ay +P Y's OF dy es Zi 
2 
The integrating factor is af v” or yf", 
wey ena 


ore - py =y' + constant =y'+ a4, say. 
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Hence fea =dx, 
or sinh, =%r+ A. 
1.e. y?=a'sinh(2v + A). 
Ex. 2. Solve 1+y/P=2y24. 


Here y is absent. 


So putting y,=p, 


ee 
L+p=ap, 


or ee, 
vw 1+p? 
1.€. log #=log V1+p?+ constant. 
2.e. 1 +p?=—, say, 
or ady =x" — a? da, 
Se [72a a? G.; 
giving ay =” Ee OE MO eons hi ad ae b, 
2 2 a 


a and b being arbitrary constants. 


EXAMPLES, 


Solve the following equations :— 


L. ay,=1. 6. Yty' +y=0. 
2. ty =Yyo 7 WYotyy+x=0. 
x2 
3. L+yPsa'y,?. 8. gat ay, — ya ne ®. 
4. 9yp?=4y,. 9. Y¥2=Ii'— J  [OxvoRD, 1889.] 
3 
5. ay,=(1+yy")*. 
10. Solve the equation (1 — Sy aay] 8 Voy havi i 
a Ie Yr 4 \ dy) ~2Y> having given 
that eae when y=0. [Oxrorn, 1890. ] 


11. Given that x? is a value of y which satisfies the equation 


x*(log «—1) 


= — 22 log x — y+ 2y log z=0, 


dx” 


find the complete solution. [I. C. 8., 1894.] 
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190. General Linear Equation. Removal of a 
Term. 


Let us next consider the more general equation 
Yn tPryn-1t+ Poyn-2+ .- +Pray= Q, 


where P,, P,, ..., Q are given functions of a. 
Putting y= vz, we have 


Y, =02,4+ 0,2, 
Yo = VE_+ 2V,Z, +42, ete., 


n(n—1) 
VEn +N Zn— 1 Ty 9 Urn 2 cert Une 


whence 


+ Pyv%,-1+ (0 —1)Piry2n- 2+... +Pin-12 
+ Poven-2 +... 4+ Pon - 


ee ce ed 


The coefncient of z,_1 18 2v,+ Py. 
If then wv be chosen so that 
Pidz 
oe ee or es ss 
v n 
the term involving z,-; will have been removed. 
Similarly, if v be so chosen as to satisfy the differ- 
ential equation 
n(n — = 
Neve 


the term Pee} Z,-2 Will have been removed. 
The coefficient of z is 
Unt PWa-1t+ Pe n-2+ + Pav, 

and if a value of v can be found or guessed which 
ue make this expression vanish, we can, by writing 

=y, and therefore z,= Mp etc., and Zn=Nn-1, reduce 
the degree of the equation by unity. The student 
should notice that this expression is the same in 


? 


v,+(n—1)P,v,+ P,v=0, 
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form as the left hand member of the given equation. 
Hence if any solution y=v can be found or guessed of 
the given equation when the right hand member is 
omitted, we can, by writing y=vz, and then z,=y, 
reduce the degree of the equation. 


191. Canonical Form. 
In the case of the equation of the second degree 


Yot Pry, + Poy =, 


the substitution y=e3 [Pate 


will by what has been above stated reduce the given 
equation to the sometimes simpler form 


Z4+P2=V. 
But the general solution of this equation has not been 
at present effected. 


“Exact” DIFFERENTIAL EQUATION. 


192. When is <q, & a is an exact differential, 


and can be me whatever y may be. 


For denoting 5 ie ay 7 PY Yo 
foryyde = UP Yg-1— pier “*Yq- 12, 
Je 1Yqg- de = 2? “Nyy _5 ~(p —1)) x? *4¢_ da, 
ete., 
. [eve-rnde = HY g=p — [yond =LYq-p— Yq-p-1 
Thus | 
forysde =HPYg_1— pur yg-o + p(p—1)aP-2yq_,— 
A Sly pl yacna 
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It will be noticed that when g=p or <p the in- 
tegration cannot be effected. 


193. By aid of the above lemma we may often see 
quickly whether a given equation is “exact.” For 
if all terms of the form w?y, in which p is <q be 
first removed, we can frequently tell at once by in- 
spection whether the remainder is a perfect differential 
coefficient or not. 

Ex. 27y,+4?y,+cy,+y=si x. 

Here, by the lemma, 2#y, and sy, are perfect differential 
coefficients, and obviously zy,+y is the differential coefficient 
of zy. Hence a first integral of this differential equation is 
obviously 

By, — WHY + QWyy+ Ly3 — 3x*y,+ bry, — 6y+xy= - cosat+ A. 

194. A more General Test. 

A niore general test for an “exact” differential 
equation may be established in the general case 

PoyntPryn-1 + Poyn-2t. + Pay = V, 
whatever forms the coefficients Py, P,, .., Pn, V may 
have, provided they be functions of a. 

For denoting differentiations by dashes, we have 

upon integration by parts 


We ny da => lp n¥ da, 
ES wyida = Pa 1Y -|P, 1Y du, 
[Pasyede= infer i— Pray + [P'n ay da, 


Pe sy3da = P,-3Y2— P'n- sYi t Pn y—|P"nay da, 
ete. 
Hence upon addition it is obvious that if 
Py Pg at Pa Py st: =0, 


E, I. C. Q 
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the given equation is exact; and that its first in- 
tegral is 
(Pai — P’n-2t PP n-3— SY A(Pn- g— Pn 3+ ei 


(Pps dpa =|VdetA. 


Ex. Is the equation 24y3+ 12237. + 3627y, + 24ay =sin # exact? 
Applying the test, we have 
Pi DAT ey 300 ene Oe aes 
and P,— Po + Pi — Po" = 24a — 722 + 72% — 2442 =0, 
Thus the equation is exact ; and its first integral is 
(36x? — 36x? + 12x”)y + (120 — 427)y, + a4yg= —cosa+ A, 

or 124° + 8a%y, + aty.= —cosx+ A. 

This again will be a perfect differential if 

122? — 244? 4+ 1227?=0, 
which is satisfied. Hence a second integral will be 
(823 — 4a)y 4+ vty, = —sinv«+ AvtB, 

or 4ax3y + vty, = —sinvx+Av+ B, 
which may again be tested. But it is now obvious that the 


third and final integral is 


Ax? 


vy =cos a+ 5 + Bat. 


EXAMPLES. 
1. Show that the equation a*y3;+ 15x4y, + 60a%y, + 602°y =e" is 
exact, and solve it completely. 
2. Solve the equation 
xy, + Cary, + by, +8in (y3 — 3y1,) + c0s By, —y) =sin x. 
3. Write down first integrals of the following equations :— 
(a) #y,+ay,+y=e. 
(6) #y,+ ay, -—y=ae*. 
(ce) Hyp + ays +yy + v=log x. 
4, Show that if the equation P,y+P,y,+Poy.= V admits of 


an integrating factor p, then p will satisfy the differential 
equation 


i z 
Pop ah Pip) + 7 (Pop) =0. 


CHAPTER XVI. 


GENERAL LINEAR DIFFERENTIAL EQUATION 
WITH CONSTANT COEFFICIENTS. 


195. General Linear Differential Equation. 


The form of the general linear differential equation 
of the nth order is 


d” i da 
a ae je Pisas +Pny= ¥; san ats (1) 


where P,, P,, P3,..., V are known functions of a. 
Let us suppose that any particular solution 
y=I(@) 
an. be guessed, or obtained in any manner. 
Then making the substitution 
y=fe)t+e 
tai dng ag Gree PO) 
ve Obtain dant i 2qqn—2 vee nv —V,..( 2 
Suppose 7=2,, Z=%,..-, Z= Zn to be solutions of this 
quation ; then it is plain that 
g=A,2,+A~+Age,t+-..tAnn 
s also a solution of equation (2) containing n arbitrary 
onstanted., As. 95 Am 
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Hence 
y=A,Z, + Ae +Agegt-.- t+ Antntf(x) 


is a solution of equation (1) containing 7 arbitrary — 
constants, and is therefore the most general solution to 
be expected. Nomore general solution has been found. 

The portion f(x) is termed the Particular Integral 
(P.1.), and the remaining part containing the 7 arbitrary 
constants, which is the solution when the right-hand 
member of the equation is replaced by zero, is called 
the Complementary Function (c.F.). If these two 
parts can be found the whole solution can be at once 
written down as their sum. 


196. Two remarkable Cases. 


There are two cases in which these solutions can be ~ 
generally readily obtained. 


(1) When the quantities P,, P,, ..., Pn are all 
constants. 
(2) When the equation takes the form 
OY a ede n- *Y ele ate — V 
dac™ 1 da”- ay 2 dat 2 as AnY ae 2) 
1, Uy, +++, Gn being constants and V any function of a. 


The solution of the second case is readily reducible, 
as will be shown, to the solution of an equation coming 
under the first head. 


EQUATION WITH CONSTANT COEFFICIENTS—COMPLE- 
MENTARY FUNCTION. 


197. Let us therefore first determine the solution of 
such an equation as 


Yn + A1Yn-1+ A2Yn-2+ -.- bOny =0, 0.00008. (1) 
the coefficients being constants; 7.c. for the present we 


confine our attention to the determination of the 
“Complementary Function” in the first ease. 
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As a trial solution put y= Ae”, and we have 
m+ a,m"-1+a,m"-2+ ...+a,=0. ...... (2) 
Let the roots of this equation be 
Vita, Who Wits B o> oe Tl ys 
supposed (for the present) all different, then 
AA GOO A Or 5 Ager, 
are all solutions, and therefore also 
y = A,e™ + Age + Aer +... +Ane™, 0... (3) 
is a solution containing 7 arbitrary constants A,, Ag, 
A,, ..., An, and is the most general to be expected. 
198. Two Roots Equal. 


If two roots of equation (2) become equal, say 
M,=M,, the first two terms of the solution (8) become 
(4,+A,)e™*, and since A,+-A, may be regarded as a 
single constant, there is an apparent diminution by 
unity in the number of arbitrary constants, so that 
(3) is no longer the most general solution to be 
expected. 

Let us examine this more closely. 


Put M,=M,+h. - 
Then A Pint 6 + A ore 


fcr Bie 
=A + Aem| 1 + ha+— 2 fo. | 


2! 
ha 
=(A,+A,)e™+ Ah. xem+ Ahem Ce +... ai 


Now A, and 4A, are two independent arbitrary 
quantities, and we may therefore express them in 
terms of two other independent arbitrary quantities 
by two relations chosen at our pleasure. 

First we will choose A, so large that ultimately 
A,h when h is indefinitely small may be written B,, 
an arbitrary finite constant. 
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Secondly, we will choose A, so large and of opposite 
sign to A, that A,+A, may be regarded as an arbitrary 
finite constant B,. Then the terms 


hat 
Ahem] +.. q 


ultimately vanish with h since A,h has been considered 
finite and the expression in square brackets is con- 
vergent and contains h as a factor. 

Thus the terms A,e”+ A,e”* may, when m,=m,, 
be ultimately replaced by B,e™"+ B,ve™*, and there- 
fore the number of arbitrary constants in the whole 
solution remains n, and we therefore have obtained 
the general solution in this case. 


199. Three Equal Roots. 


Consider next the case when three of the roots of 
equation (2) become equal, viz., m;=m,=m,. The 
terms, A,e™*+ A,e™+ A,e™*, Aras already Leen re- 
placed by (B+ Bn)om A, gnet, 


Let M,=m,+k. 
22 
Then 2,6" = eter = A em( +ha a a ) 
Thus for A,e™"+A,e”" 4+ A,e™” we have 
2 ema 
(B,+A,)e" + (B+ Agk)ve™ + = 


+A ,karem = ee Seis all 
and we may so choose A,, B,, and B,, i 
B, 34 3 Cy 
B,+Ak=C,, 
Ae S20. 
(,, CL, C, being any arbitrary constants, whatever i 
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may be, provided it be not absolute zero. But A,h? 
being chosen a finite quantity, and the series within 
the square brackets being convergent, it is clear that 
ultimately, when k is indefinitely diminished, the 
limiting form of this expression is 


(C,+ Cat C,x?)em*, 


200. Several Roots Equal. 

In a similar manner it will be obvious that if p 
roots of the equation (2) become equal, viz., 

ie = aa: 
there will be no loss of generality in our solution if 
we substitute the expression 
(K,4+ K,04+ Kea? + ...4 Kye? em, 
for the corresponding portion of the complementary 
function, viz., 
Aer + A em +... fA gi” 


201. Generalization. 
More generally, if 
A, p(m,) + AnPlMy) + Ash(ms) +... + Anglin) 

be the complementary function of any linear differ- 
ential equation with or without constant coefficients, 
_ what is to replace this expression so as to retain the 
generality when 7,=™, ? 

Let M,=M,+h, 
Then ae 
‘atiy) = fon, +h) = pony) 2 a ne 


and the terms A,¢(m,)+ A,¢(m,) become 


dg(m,) h? dd(m,) 
(Ay + Addin, + Ag? + Aaa pat tee 


dm,” 
Now putting A,+4,=B, A,h=D,, 
two arbitrary finite constants, the remaining terms 
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ultimately disappear when we approach the. limit in 
which h is indefinitely diminished. 
Thus A,¢(m,)+A,¢(m,) may be replaced by 


Byp(m) + peg, 


thus retaining the same number (”) of arbitrary 
constants B., Bo, Aged asneen 
in the complementary function as it originally 
possessed. 

And as in Art. 200 we may proceed to show that if 
p roots become equal, viz. m,=m,=...=Mp, the terms 


A, g(m,) + Agp(mMg) +... + Ayo) 
may be replaced by 


ad dl? “1A(1 
By p(m,) + By fee, +B ao Spoons pee) 


when the generality of io pee will be retained. 
The results of Arts. 198, 199, 200 are of course par- 
ticular cases of this, the form of ¢(m,) being e™”. 


202. Imaginary Roots. 


When a root of equation (2) of Art. 197 is imaginary, 
it is to be remembered that for equations with real 
coefficients imaginary roots occur in pairs. 

Suppose, for instance, we have 


M,=a4+1b, m=a—d, 
where c=a/—1. 
Then the terms 
A,em te Aven or Ay gore Eis Ane ae 
may be thrown into a real form thus :— 
A, ee” + Aver en = 
= A,e"(cos ba +c sin ba) + A,e(cos ba —csin ba) 
=(A,+ A, )e“cos ba + (A, —A,)e“sin bax 
= B,e“cos bx + Bye“sin ba, 
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where the two arbitrary constants B, and B, replace 
A,+A, and (A,—A,): respectively. 
‘Let B,=pcosa, 5,=psin a, then 


pena Be 3) B 
p=/B2+Be and a=tan“'p. 


Then B,cos ba + Bysin ba = p cos(ba — a). 
We may thus further replace 
B,e*cos ba+Besinbx by C,e%cos(ba+C,), 
where C; and C, are arbitrary constants. 


203. Repeated Imaginary Roots. 

For repeated imaginary roots we may proceed as 
before, for it has been shown that when m,=™,, 
A,em*+ A,e™ may be replaced by (Bj + Byx)e™*, and 
if m,=ms,, A,e™*-+ Ae" may be replaced by 

(B+ Byxyem. 
If then m,=™,=a+) and m,=m,=a—.b, we may 
replace 
A,em* + A,em + Ae” + A en 
by (B,+ Byw)eMe"* + (B+ Byxete- %*, 
that is by 
e| (B, + B,)cos ba +(B,—B,)csin ba] 
+ne[(B,+ B,)cos ba+ (B,—B,) sin bx], 
and therefore by 
e%(C,cos ba + O,sin ba) +ae(C,cos ba + C,sin ba), 
that is by 
eC, +”0,)cos ba + e%(C,+a0,)sin ba, 
or which is the same thing by 
D,e*cos(ba+ D,) + D,ve“cos(ba+ D,). 
Any of the last three forms contain four arbitrary 


constants which replace the original four arbitrary 
constants A,, A,, A3, A,, and thus retain intact the 
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proper number (7) of arbitrary constants requisite 
to make the whole solution the most general to be 
expected. And this rule may obviously be extended 
to the case when any number of the imaginary roots 
are equal 


2 
204, Ex. 1. Solve the equation a) _ sol 2y =0. 
dx daz 


Here our trial solution is y= de”, and we obtain 
m? —3m+2=0, 


whose roots are 1 and 2. 
Accordingly y= A,e* and y= A,e”* are both particular solutions, 


and y=A,e" + Age” 


is the general solution containing two arbitrary constants. 


2 
Ex. 2. Solve ve —a’y=0 


Here the auxiliary equation is m?—a?=0 with roots m= a, 
and the general solution is 


y= Aye + Are, 
or as ib may be written (if desired) 

: = eee ax + B sinh ax 
by replacing A, by 2 Binds and A, by — a ee 


d’y 
Ex. 3. Solve —4+a*y=0. 
dx 
_ Here the auxiliary equation is m?+a?=0 with roots m= +a 
Hence the general solution is 
y = A,cos ax + A,sin aa, 
or, which is its equivalent, 


y= B,cos(ax + B,). 


iy solve CY — UY 4. 5LY 2 
Ex. 4 Solve ore 4a oe 2y=0 or (D--1){D—2)y =0, 


where D stands for a 
dx 
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Our auxiliary equation is 
—4m?+5m—2=0 
or (m —1)%(m—2)=0, 
having roots 1, 1, 2. Accordingly the general solution is 
y=(A,+ Agr) + Ae™. 
Ex. 5. Solve (D?+1)(D—1)y=0. 
Our auxiliary equation is 
(m?+1)(m—1)=0 
with roots +c, 1, and the general solution is therefore 
y= A,cos 2+ Aysin «+ A,¢", 
or y = B,cos(x+ B,) + Age. 
Ex. 6. Solve (D?+ D+1)(D—2)y=0. 
Our auxiliary equation 
(m?+m+1)m—2)=0 


has roots —$+¢ as and 2, and the general solution is 
y=A,e * Fc0s EAE Aad *sin ES A,e**, 
or y=Bye 4cos (2242, ) +4,e 


Ex. 7. Solve (D?+ D+1)(D—2)(D—5)y=0. 
Here obviously the general solution is 


=(A,+ Agwv)e cos Z se + (Ag+ Ayo)e sin oe 
+(A,+ Agu + A;,x”)e* + Age, 


containing eight arbitrary constants. 


EXAMPLES. | 
Write down the solutions of the following differential equa- 
tions :— 
t: ee Fos oye + aby =0. 


ee at ody _ ¢, 0. 
see es 6a74 + Lat ay = 
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By PY. 934 _ 15 =0 7. (D—1)(D—2)3y=0. 
3, C2 959 +2808 — 1by=0. . (D=-1p(D=2/y 


4, 74-3 424-0, 8. (D2+1)(D?+D+1)y=0. 


or 

| 

| 
S 


9. (D?+1){D—1)y=0. 


10. (D?+1){D?+D+1)%y=0. 
Ll. (D—1)(D—2)(D2+2D+2)%y=0. 
12. (D?+a2)(D?+b2)(D+ 2D? + cy =0. 
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205. Having considered the complementary function 
of such an equation as F(D)y = V where F(D) stands for 
Dg Des + a,D"-*+ a +a”, 

G1, Ay, «+», Gn being constants, and V any function of z, 
we next turn our attention to the mode of obtaining 
a particular integral, and propose to give the ordinary 
and most useful of the processes adopted. 


We may write the above equation as =a! 

(or [f(D)]V), where a is such an operator that 
1 

HD| Fp) vl=v. 

206. “D” satisfies the fundamental laws of 
Algebra. 

It is shown in the Differential Calculus that the 
operator D (denoting o ) satisfies 

(1) The Distributive Law of Algebra, viz. 

Dwutov+twt...)=Du+Dv+Dw+..., 


(2) The Commutative Law as far as regards con- 
stants, 72.¢. D(cw) =c(Du). 
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(38) The Index Law, #.e. 

D Dy = D™rny, 
m and 7 being positive integers. 

Thus the symbol D satisfies all the elementary rules 
of combination of algebraical quantities with the 
exception that it is not commutative with regard to 
variables. 

It therefore follows that any rational algebraical 
identity has a corresponding symbolical operative 
analogue. Thus since by the binomial theorem 


n(n —1) 
132 
we have by an analogous theorem for operators which 
may be inferred without further proof 

n(n—1) 


(D+a)"y= {D"+-naD-*+—s—5—* 9 a? D"-2+..,..+a"hy 


n(n—1) 2])n-2 n 
13 a2 D"-*y +...-ary. 


(m+a)"=m"+nam"-t+ a’m*- 24 =. +a", 


= Dy+naD"ty+ 


207. Operation /(D)e”. 

It has been proved in the Differential Calculus that 
if 7 be a positive integer, 

De =a e. 
Let us define the operation D~-" to be such that 
DD-w=. 

Then D-! represents an integration, and we shall 
suppose that in the operation D~-1w no arbitrary con- 
stants are added (for our object now is to obtain a 
purticular integral and not the most general integral). 

Now since D'a-"e” =e“=D"D-"e®, it follows that 

D-%e% =a-"e™. 

Hence it is clear that D"e”=a"e™ for all integral 

values of ” positive or negative. 
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208. Let f(z) be any function of z capable of ex- 
pansion in integral powers of z, positive or negative 
(=S4A,2" say, A, being a constant, independent of 2). 

Then De =A je 

= (Ae) 
= (XA,a")e* 
= f(ae. 

The result of the operation f(D)e“ may therefore 
be obtained by replacing D by a. 


Ex. 1. Obtain the value of pcp eu 
Obviously by the rule this is 
1 oe e= 
eee OE Se 
4224241 15 
; D+1 
Ex. 2. Obtain the value of e*, 
(D+2)D+3)D+4) 
By the rule this is 8 ga)? 
SOT 105 
EXAMPLES. 
1. Perform the operations indicated by 
1 1 1 
I) a) (9). ee eS if 
om” 9 omom” © apo pp 
D a 1 


2. Show that 


ua eae 
(D—a)(D—b)\D-—c) 25a Se) Dee 
3. Apply Art. 208 to show that ; 
S(D*)sin me =f(—m*)sin ma, 
S(P*)cos mx =f( —m*)cos ma, 
»\Sinh ink 
HD) cosh, =F") Baik ort 


209. Operation /(D)eX. 
Next let y=e”Y, where Y is any function of z. 
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Then since Dre = afe™, 
we have by Leibnitz’s Theorem 
Yn=e™(a"Y+,0,0" 1DY+,0,D? Y+...+D*V), 


which, by analogy with the Binomial Theorem (Art. 
206). may be written 


pe (Daa ¥ 
vw being a positive integer. 
Now let X =(D+a)’¥Y, 
so that we may write 
¥=(D+a)-*X. 
Then from above 
De® VY =e™(D+ayV 
or Diep -a)-8 i =e" Xx, 
and therefore D-"”X =e*%(D-+a)-"X. 
Hence in all cases for integral values of 1 positive or 
negative 
DX =e%(D+ayX. 
210. As in Art. 208 we shall have 
JAX = AD er x 
= (A. Der X) 
=e"YA(D+a)'X. 
=o f(D+a)x. 


That is, e” may be transferred from the right side to 
the left of the operator f(D) provided we replace D 
by D+a. 


1 . 1 at 
ale SVG , 
Ex. 1 ie oe Te! “ea 
Ex.2, ——! sing =e? #1 sing = —e*sin 2. 


D*?—4D+4 Db 


256 DIFFERENTIAL EQUATIONS. 


EXAMPLES. 
1. Perform the operations 
1 1 pyr 1 ot 1 % 
L eS COO 


=! (Dai) 1 


2. Show that 
et a oot = ebt 5 1 _ ev. 
(D+a—1)\(D+a—2) (D+b—1\(D+6—2) 


sin 


211. Operation /(D? cos ma. 
, sin sin 
We have DD? cog = (—m*) cos 
and therefore ain sin 
D**" me=(—m?\" me. 
cos cos 


Hence, as before, Arts. 208 and 210, it will follow 


that sin sin 
2 = 2 
f(D Des me = f(—m?) BLE 


Ex. fersin ba dx = D~esin ba =e"(D +a) sin ba (Art. aa 


= e%* a— 


= a sin ba 


= — D)sin bz (Art. 211) 


axt Sin bx — 6 cos bax 
SG 
a? +b? 


= ea? + b2) sin ( ba — tan-12 ) : 
a 


EXAMPLES. 


1, Find by this method the integrals of 
e*cosba, e*sin’x, e*sin’x, sinh w sin a. 
2. Perform the operations 
1 1 P+) 
D+2 D+) Dt+ 
3. Obtain by means of the exponential hie, the sine and 
cosine the results of the operations /(D)cosma, f(D)sin mx. 


sin 2x, COS @, jen 2a. 
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sin 
He D) cos 


Let us next consider the operation 


212. Operation Ma. 


FD) sin ma 
where F(z) is a function of z capable of expansion in 
ositive integral powers of z. 
Let f(D) be arranged in powers of D, then if no odd 
powers occur the result may be written down by the 
foregoing rule of Art. 211. 


Thus 


1 
2 eS 
Capea pe T=40162 62 


sin 2¢= — d sin 2x. 
5 


But if both even and odd powers occur we may 
proceed as follows :—Group the even powers together 
and the odd powers together, and then we may write 
a operation 


1 ; 
g(D?) + Dx(D9 
$(D*) — Dx(D”) 

~ (6D) P= DD) 
S1N. 1100 


= [p(D") aa Dy CO lipys my +mx(- m - 


ao m?)sin ma =mx( —m*)cos ma 
[f(—m?) P+ m? *[x(—m?)? 
Upon examination it will be seen that in practice 
we may write —m? for D? immediately after the step 
1 
f(D?) + Dx(b’) 
writing immediately 
if 
o( —m*)+Dx(—m*) 


sin ma” = 


oa 


sin ma 


‘sin Ma, 


sin ma, 
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g( — m?*) — Dx(—m?*) 
om )P-D[x(—m?*)? 


Ex. 1. Obtain the value of 1 sin 22. 


B+ D+ D+1 


are 1 
This is D+1+DD4) 
or 1 sin 22, 
= —30 + 1+D) 
or xR sin 2x, 
—3(D?- : 


oF (oe yi ca 


2 sin mx, ete. 


2 RI 
or Ts COS 24 — ies in 2Q0. 


Ex. 2. Obtain the value of 


(D= ae COS: 


This expression ae i COS @ 
age ivaen 
DB +3D24+3D+1 
ane oie Ce 
[replacing each D? by —1] 


oe 


COS & 


Sey asset 


=— F(oos ¢—sin 2). 


EXAMPLES. 


1. Perform the operations indicated in the following ex- 
pressions :— 

es SUN es "SiN au, i —e*sin v + eof e-*sin &, 
D1 (D—=1)(D—2) DA D+i ; 


PARTICULAR INTEGRAL. 259 


2. Show that Dra Soule fe =~Vdx ...da, there 
being 7 integral signs. 

3. Show ee by first expressing a in partial fractions, the 
operation FD) V may be expressed in terms of a set of common 


integrations. 


1 o : 
213. Operator FD) V Algebraic. 


If in the operation F ae V be an algebraic pee 
of a, rational and integral, we may expand aa D) by 
any method in ascending powers of D as far as the 
highest power of « contained in V. 


I 
Ex. 1. For example, fin +DED a+l), 
This is = =p + e+1), 
or Ao os te eee 


=(#?+0+1)-(Qe41)=2°-2. 


1 


ear, 
DP4+3D?+7D-1 


Ex. 2. Again, find 


This expression is 
1 2 


=e 2 bp 
° (D+ly+3(D+1P+70+1)—1 
1 
=¢ Ae cin 7ig8 
104 16D+6D2+ D® 


10 14+8D+2D?+7,D° 


=<- 8D+42D?—859D3...)x3 
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EXAMPLES. 
Perform the operations 
1S 1 iB : Ca u %. 
" (D+1)(D+2) * DO- a > D*D—-19 


1 ep is 
2. De yDray ee Da B, 


St ( eG cosh & cos a. 


214. Cases of Failure. 


In applying the above methods of obtaining a 
Particular Integral, cases of failure are frequently 
met with. We propose to illustrate the course of 
procedure to be adopted in such cases. 


215, Ex. 1. Solve the equation OU yet 


The Complementary Function is de*. 
To obtain the Particular Integral we have 
ae 
D-1 
If we apply Art. 208, the result becomes 
e 
sil 
We may evade this difficulty and obtain the result of the 
operation by applying Art. 210 when we have 
1 1 
DS i” =e" ik = xe", 


which is the particular integral required. 
Instead, however, of substituting another method, let us examine 


or ©, 


the operation D ae more carefully. 
Writing (1+) instead of x, we have 
IE ba 1 I 
= Lip ge(l+-h) — [it een hac 
= Be ge 
ie me e*(1 + he ee +r +...) 


= It, | + xe sa ele® ed Al 
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Of this expression the portion Zte*/h becomes infinite, but 
may be taken with the complementary function Ac*; and A being 


arbitrary we may regard A a as a new arbitrary constant B, 


for we may suppose A to contain a negatively infinite portion 
to cancel the term 1/h. 

The term ze* is the Particular Integral desired. 

The remaining terms contain h and vanish when h is decreased 
indefinitely. 

The whole solution is therefore y= Ae* + xe", 


Ex. 2. Solve the equation a + 4y =e" +sin 2x. 
ipa 


The complementary function is clearly 


y=A sin 24+ B cos 2x. 


The particular integral consists of two parts she A igntee 


ae ae ae eet 
and aa 22. In this second part, if we apply the rule of 
Art. 211, we get “ z.e. ©, and so fail. 


We now consider the limit, when h=0, of - 


aon A sin 27(1+h). 


This expression 


= i=; repens 4+ 2ha) 

=} wes 7usin Qu cos 2hx + cos 2 sin 2hx) 

== 5 | sin 20(1 _ + se) + cos 2u(2ha—... )| 
h+— 

=— ; aes — z cos 27+ powers of h 


=(a term which may be included in the complementary 


function) — #00820 | (terms which vanish with A). 


Thus the whole solution of the differential equation will be 


_ & COS 2a 
et 


y=Asin 24+ B cos 24+ se 
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Ex. 3. Solve the equation 
(D?243D)(D —1)Py=e+e*"+sin +2”, 
Here the complementary function is plainly 
A, + A,e*+(A,+ Ayr)e*. 
The particular integral consists of four parts, viz., 
1 il Cia ome l Woe 


(PESD(D ly (Do1y 44D aoe 


22 
e(1+ hot Er +...) 


1 etl +h) i 
(D-1% 4 4h? 
=(a part going into the complementary function) 


[or consider 


2 
+e + (terms which vanish with /)]. 


1 20 1 at 
(D+3D\(D—1 10 
l tae 1 ae at = 
(D?+3D)\D—1)? Ae (—-1+3D)\(—2D) = GDS. al 
ss sin 7= 3—-D sin w 
6+2D 2(9 — D®) 
=(3 sin 2 — cos #)/20. 
Finally 
: Spas (147) G+2D+30%+4 ju? 
(D'+3D(D-1*  3D\ 3 5 
2 TUNA A 
See (02+ 40 +6) 
1 D, D 
ra aean (hg [ote el ery 2 , 
s0\ 3° 9 Ne ee 
tae 9. 4 @ 
iyi et ee Sh 
apt “+6 - =x s+2) 
Pyageios ds 
sa(? aa Ao ) 
WY Be yp 
(ats a 7”) 


Hence the whole solution is 
Y= A, + Age +(A54 Ayre 
xe  e* 3sinx—cosa2, x 


5a” 
sh + 
8 10+ 30 Tom 9 ton 


2.é. 1 


7.€. 


7.é.1 


7.0. 
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Ex. 4. Solve the equation EY = sin &. 
q Ge ¥Y 
The c.¥. is A,sinh w+ A,cosh 2+ A,sin 7+ A,4cos a. 
To find the p.1. we have po sin 2, 
which is the coefficient of ¢ in 
1 & 
Ro? 
in i ee 
(D+t—1’ 
in pe eee ey 
=41D—6D"...’ 
in vz_ 1 Lb 
—4D 1—2D...” 
ar xt I 3 
> AN é a Flo +30 y, 
: mt 3 >) 
in Ca ( a ae 
Ss 
2 
Thus the P.1. is # = Be sin 2, 
and the whole solution is 
y= Aysinh «+ A,cosh #+ A,sin v+ A,cos 7+: a a= ces ee sin 2. 


sin 2. 


(1) 
(2) 
(3) 


it 
DPP+) 
Dp? a on. 
ai 


eae 
(4) pai 


a yainh xX. 


EXAMPLES. 
1. Obtain the Particular Integrals indicated by 


1 


(5) we I(D—2(D—3) 


(6) 
(7) 
(8) 


ne (sinh a+sin 7). 

a) ; WF Ne “+4 cosh bz). 
: cos ~ cos ee 

(DP+1(D?+4° 2° 8 
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2. Solve the differential equations 


ay hy =e, (2) F4—y=cosh 2. 


@)s enc) 


(4) oe ee (5) (D-1\(D+1)D*y=«. 
(6) (D?—3D?—-3D+1)jy=e-*+«a. 
(7) (D8=1)jy=a sin x, (8) (D?-1)y=wxe*sin x. 


(9) (D?—1)y=cosh # cos a+ a®. 
(10) (D= 1)._D?-+1)?y7 = sin’ + CHK. 


216. The Operator ple 
da 


A transformation which renders peculiar service in 
reducing an es of the class 


TiO: 


d ty Oy 
1 ‘ pn- n — 2 
nt Ae a pert Aga" "aca t st Any = V, 
where A,, A,, ..., are constants, to a form in which all 
the coefficients are constants, arises from putting 
L= ef. 


In this case dt _ et, and therefore «- dy _¢y 
dt da dt’ 


It is obvious therefore that the operators a es and 


di are equivalent. Let D stand for a Then we 


dt 
have 
OI ae a DY ag ney ne er" 
oa (a “da” u ey ayn t 1 dar-v 
ny (: d S ty 
iy das dag gag 
ah ]n- tay 


= — on — 1 
=(D—n+1)x dare 


bh al hit al cal lll 
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Now putting 7 in succession 2, 3, 4, ..., we have 


oh =(D-1 yh =(D-1)Dy 


ot = (D—2)0%" “tL =(D- 2)(D—1)Dy, ete. 


Hence ‘iad 


=(D—n+1\D—7+2)....D—-1)Dy, 


ood a 
or reversing the order of the operations 


= D(D—1D—2)...(D—n+Dy. 


Ex. Solve the differential equation 
ee 4 4 240 v4 3 ply dy 
dx? dix 
Putting c=¢, a equation becomes 


D(D —1)(D—2)y+2D(D—-1)y+3Dy —3y=e%+&, 


—3y=a7 +a. 


or (D3 — D?4+3D—3)y=e"+¢, 
1.€. (D- aera 
giving y= Ae’+ B cos tr/3 +O sin w/3 + — 7 ee 
= = De 
or y= Aa + B cos(v3 log ) + Csin(v/3 logx)+- ae ee 


EXAMPLES. 
Solve the differential equations 


2, 
1. ss +a ze +¢y=0. 


Of od vibe qy= [log x}? +2 sin log x +sin g log x. 
Sac ae rept 8a soe Wy =0+log a. 
4 a rat ote = oA yaaa 

5 Fe 


5. pe ieee 0. 


CHAPTER XVII. 


ORTHOGONAL TRAJECTORIES. MISCELLANEOUS 
EQUATIONS, 


ORTHOGONAL "TRAJECTORY. 


217. Cartesians. 


The equation f(x, y,a)=0 is representative of a 
family of curves. The problem we now propose to 
investigate is that of finding the equation of another 
family of curves each member of which cuts each 
member of the former family at right angles. And in 
such a problem as this it has been already pointed out 
that it is necessary to treat all members of the first 
family collectively, so that the particularizing constant 
a ought not to appear in the equation of the family. 
It has been shown in Art. 171, that the quantity a 
may be eliminated between the equations 


I, Y) a) =0, 
Of, of ay 
—v 4 —/ “7 —(), 
pone da 
Let this climinant be 
AG 4, os) =(. 
This is the differential equation of the first family. 
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Now at any point of intersection of a member of 
the first system with a member of the second system, 
the tangents to the two curves are at right angles. 

Thus if € 7 be the current coordinates of a point on 
a curve of the second family at its intersection with 
one of the first family, and a, y the current co- 
ordinates of the same point regarded as lying upon 
the intersected curve of the first family, we have 


a Ons _de 
E=, Ue dé dy’ 
The differential equation of the second family is 
lé 
heref ( i ey 
therefore P\ €, n, ) 0, 


and when this is integrated we have the family of 
“ Orthogonal Trajectories” of the first system. 

The rule is therefore: 

Differentiate the given equation, eliminate the 
constant, write = in place of and integrate the 


new differential equation. 


218. Polars. 


If the curve be given in polars the angle the tangent 

; , oe NG 

makes with the radius vector is le 
now: 

Differentiate the equation, eliminate the constunt, 


; Ldr-. dé é 
write Taya ot place of "pe and integrate the new 


so our rule is 


differential equation. 


219. Ex. 1. Find the orthogonal trajectory of the family of 


circles 
est oO OD re mainte serscloe Searle ao a (1) 


each of which touches the y-axis at the origin. 
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di 
Here ety ea, 

iminati a one) 

and, eliminating a, ty? =2Hx\ x ce : 
f 7 

3 dy 4 
AH 2 AO ages = Os ivan caneseeaeeoenaseeeee 2 
ie w+ 20y ly @) 


Hence the new differential equation must be 
d. 


ga Ee —y'=0, 


or yt 2a Sirians aaseenesnon0G0Ges 39000000 (3) 


which is a homogeneous equation, and the variables become 
separable by the assumption y=vz. 
However, this being the same as equation (2) with the ex- 
ception that w and y are interchanged, its integral must be 
oy? +2" = 2Qby, 
another set of circles, each of which touches the #-axis at the 
origin. 


Ex. 2. Find the orthogonal trajectory of the curves 


fe y 
fare reels Scie ae Oe at ee 1 
+r V+” (1) 
X being the parameter of the family. 
Here CE sap pt ES (ao er ee ee (2) 


+r D+ 
and X must be eliminated between these two equatiqns. 


(2) gives “(b+ r)+yy(a?+ r)=90, 
or ha Det wy 
LTYYy 
so that Gee (@— bie 
BTYY, 
and PtrAq (en, 
LTrYYy 


Thus the differential equation of the family is 


ergy) par yy) 
(2—Px (P-Byy, 


a x =p ry (gi _ 1 ) = (0 eae (3) 
Yr 


. 
| 
: 
| 
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Hence changing y, into — a , the differential equation of the 
é : é nA 
family of trajectories is 
ay +a0y( 14, )=a-1 i ee eipanetie: (4) 
wish 


But this being the same as equation (3) must have the same 
primitive, viz. : 

Fe n ye 
+p + 


ze. a set of conic sections confocal with the former set. 


Ex. 3. Find the orthogonal trajectories of the family of 
cardioides r=a(1—cos @) for different values of a. 


dr - 
Here — asin @ 
dé ? 
and, eliminating a, oO oat eZ aa 0 _ tan 0 
dr sin 9 2 
Hence for the family of orthogonal trajectories we must have 
1dr 0 
—= — = tan— 
r do 2 
log r=2 log cos ? 
or og r=2 log cos 5 + constant, 
or 7=b(1+cos ), 


another family of coaxial cardioides whose cusps point in the 
opposite direction. 


EXAMPLES. 


1. Find the orthogonal trajectories of the family of parabolas 
y?=4as for different values of a, 


2. Show that the orthogonal trajectories of the family of 

2 2 2 2 

similar ellipses ata for different values of m is «= Ay”. 
a 

3. Find the orthogonal trajectories of the equiangular spirals 


r=acle% for different values of a. 
4, Find the orthogonal trajectories of the confocal and coaxial 


parabolas 20 = 1+cos 0 for different values of a. 
Ve 
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5. Show that the families of curves 
we —3xy=a 
Ba2y —y=b \ 
are orthogonal. 
6. Show that the curves 
rsin’'a=a(cos @—cosa) and rsinh?B=a(cosh B—cos @) 
are orthogonal. 
7. Show that if f(a+.y)=u+w the curves 


U=a 
S| 
form orthogonal systems. 
8. Prove that for any constant value of jz the family of curves 
cosh w cosec y — cot y=constant 
cut the family p coth «—cosech «v cos y=constant 
at right angles. [Lonpon, 1890. ] ‘ 


Some ImporTANt DYNAMICAL EQUATIONS. 


: d?u ; 
220. The equation de? t+u=f(w) 


is the general form of the equation of motion of a 
particle under the action of a central force. 


Multiplying by gt a ‘ and integrating we have 


(a) +u2=2f(u)+ A, 
which we may write as 

| du 
NA+ (+ 2F(u) —2 —u? 


and the solution is therefore effected. 


-=04+8B 


221. Equations of the form 


Cu 


det u=fO) 
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have already been discussed as being linear with con- 
stant coefficients. 
The solution may however be conducted thus :— 


Multiply by sin 26, which will be found to be an integrating 
factor. 
Integrating, 
: du F 4 ON ee y 
sin ea nu cos NO = [7 sin 20d + A. 
a 4 


Similarly, cos n@ is an integrating factor and the correspond- 
ing first integral i is 


re 
cos ull +n sin n9= | TP) cos nO AY + B. 
“0 


du 
Eliminating — 


da? 
6 
nu | F(@) sin n(0- 6)d0 + B sin nO — A cos nf. 
0 


222. The equation of motion of a body of changing 
mass often takes some such form as 


dx \ 


5 «0G; | =v), 


and for this equation post will be found to be an 
integrating factor. 


For ale SY Hay) =< Wo) poy 
leads at ence to 4 ba fede =| Wo ‘\b(x)du+ A, 
on . Pada _ er 


or 


V2 a] [venypnydet A 


and the variables are separated. 
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FuRTHER ILLUSTRATIVE EXAMPLES. 


223. Many equations may be solved by reducing to 
one or other of the known forms already discussed by 
special artitfices. 


Bxle oY — face + by), 


Let ax + by =2. 
dy dz 
“Mh pet = Gee, 
nen a+ ee 
Thus a+bf(z)= te 
dx 
dz 
de=-__, 
a+ OF) 
dz 
A= || ee oes 
si or Sate) 
oa | 
Exe 2) ate pee = 
: aa ae si 
Put LY = 2. 
dy _ dz 
1B —————— 
a ae 
dz OPP = 
o(Se-9 gt 1=0 
pee 
or "da dz 
da 


which is of Clairaut’s form, and the complete primitive is 
1 
SiO ane, 
wy =20+ ai 
Ne 2 
Ex. 3. Solve eleen( — a =er4 eu) : 
da oa 


Let =n, ¢=6. 


Then, since this equation may be arranged as 


oa pee. 
(« dx * edx/” 
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we may write it as n= a Nea Cay +(9 ) 


which being of Clairaut’s form the complete primitive may be 
written 


n=CE+N1+4 0%, 
or &=CF+N1 +0 
Ay dy 
Ex.4. 4 eS) cay et. ae 
x 5 +(x? — Ay B)~ ay=0 


(an equation occurring in Solid Geometry). 
Put = /s and Yy=,/e. 


Then the equation becomes 


Avai( S24)" + 6-ae- BE) _ eto, 


Vt ds Vid. 
dt Oi tee 
or As( St) +(s—A At— B)7 —-t=0, 
i dt\ _ dt dt\ pat 
2.0. (14.4%) = &T, (144% )-B tae 
dt 
Bes 
giving ale Boee We 
8 
I= A. 
which is of Clairaut’s form and has the complete primitive 
ey pee 
t=sC T+Ac’ 
BC 
2 yo a 
or Cx? — Tae? 


and singular solution the four straight lines 
wt —Ay=+NvB. 


Ex. 5, Solve the equation 
dy 


°y =0. 
te 


hg) 
(1 +az’) A +ax 


E. I, C. Ss 
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Let the transformation be such that 


__ dz 4 
V1 + ax? 
then w is known by direct integration as a function of ¢. 
dy 
Now dy = eet : 
da 1 + aa? 
ay 
and ye oe Dee pies 
dav \+ax de (1+an2yt 
NOY a4 dy dt 
Th iT GENS, EE) AY ; 
ti ss \Tg? ate ale” de 
and the given equation thus reduces to . 
ay | 92 
- =0, 
age tT 


whose solution is y=A sin g¢+B cos gt, 
and when the value of ¢ in terms of x is substituted, the solution 


is complete. 
[If a be positive we have 


aN Le 
a 
1 me 
ie sinh“(«V.a)=t. 


If a be negative we have 
fo) 


1 da 
= = ,—, 
NE NI I i 
—-x 
—a 
1] — 
Tae? sina — a)=t.] 
—a 


Ex. 6. Solve the simultaneous differential equations (which 
are linear with constant coefficients) 


4b 1 oY + 44m + 49y =1, | 


at dt I 
dg dy. 5 | 

3— + 7-2 +344 =e. 
oP + qa 347+ 38y =e 


Or 


SIMULTANEOUS EQUATIONS. Hall 


We may write these equations as 
4(D+11)v+(9D+49)y=t, \ 
(8D+34)7+(7D+38)\y =e, 
where /) stands for nS 
dt 
Operating upon these equations respectively by 7D+38 and 
by 9D+49 and subtracting, we eliminate y and obtain 
(4D + 44)(7D +38) —(8D+ 34)(9D + 49) |v = 7 + 38¢ — 58e", 
or (DB? +7D+6)2=7+38t—58e', 


Sie ] 
giving = Ae t+ Be-%t + 74.381 —58¢e 
xiving x Cy - Be Pp DPETDLG. a é), 
or  — Ae*+ Be-*+4 74. 19(¢ — 7) — 296 


To obtain vy let us eliminate = from the original equations. 


Multiply the first by 7 and the second by 9 and subtract. 


dx 


This gives Bee senha 
Thus y=Tt—9e ~22 — 
dt 


=7t—9e'—2(Ae~* + Be-% + 194 — 56 — 20") 
—(— Aes — 6Be-* 32 — 22 
= — Ae*4+4Be-%4 58 — “ag t+ 2het 
Thus a= Ae*+ Be~% 4 19g — $8 — 20 et, \ 
y= —Ae*+ 4Be-% —A0¢4 5b 4 Det 
[The student should notice the elimination of OAL This avoids 
the introduction of supernumerary constants. ] 


Ex. 7. Solve the simultaneous equations 


Mx, ody 

—+3~%+ 167= 
dg ag Or 
dy an 

We adil + 97=0. 


These equations may be written 
(D?4+16)7+3Dy=0, 
—5Dxr+(D?+9)y=0, 


276 DIFFERENTIAL EQUATIONS. 


whence operating upon these in turn by D?+9 and by 3D and 
subtracting, we eliminate y and obtain 


[(D?+16)(D?+9)+15D?]7=0, 
or (Dt+ 40D? +144)v=0, 
7.e. (D? + 4)(D?+36)«7=0, 
whence w= A sin 2t+ B cos 2t+ C sin 6¢+ D cos 6t. 


Differentiating the first equation and subtracting three times 
the second to eliminate differential coefficients of y, we have 


dx 
= sila Lee QTY, 


whence we obtain the value of y without any new constants, 
VIZ. i— 


y= —2B sin 2t+2A cos 2¢+4°D sin 6¢ — 12C cos 64. 


EXAMPLES. 


Solve the equations 


1. aryl (l-7)yPr=a2t, 2. sec ayy Dy ze “cal +tan y=2. 


3. (a+ bot +A(a+ be) + By =x. 


iN 


2 
a +02 + 20(1 + oe +y=0. 


(i- 27h a +n?y=0. 6. 


a 


dy _ oY — es 
ane (-e 


te oh 2 ae. pre (t+y) cose 
2 oy COS Y 


8. Obtain the integrals of the following differential equa- 


tions :— 
dy | dy 


3F¥ me 
(a) 52-857 + 992+ 13y=0, 
(0) - ce at 69 +.9y= 25 cos &. 


: Loy od, Wie 
(¢) a3 Ba a + 10y—0. [I. ©. S., 1904.] 
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9. Integrate the simultaneous system 
ad? 
at l5y+ 32+30=0, 


dz 
Ene 2y+10z+ 4=0. 

10. Find the form of the curve in which the tangent of the 
inclination of the current tangent to the z-axis is proportional 
to the product of the coordinates of the point. 

11. Find the form of the curve for which the curvature varies 
as the cube of the cosine of the inclination of the tangent to the 
-axis. 

12. Show that in the curve for which the projection of the 
radius of curvature on the y-axis is of constant length 


(1) sx log tan(7+¥), 


[L ©. 8., 1894.] 


(2) yx log sec®, 
(2) ya Oe Bee 


J. Area =e? — ¢*. 


ANSWERS. 


CHAPTER I. 
Page 12. 


3. Area=$a*tan 6, 


oh Welk =T(e - eH), Vol. =p tan’. 


6. (a) Area=3a%h?, 


Wo = Sarath. 


ae a 
Vol. = "era *h®, 
+2 
wil pee! 
Aedes ee 
(y) “M+-1 at-P 
vel — it frrti 


on+1 a? 


(8) Area ae & "(3h-+ 4a), 


3 
4. Vola 
i) 


5. Vol. =$7ra*. 


Vol, ne ash +35ah+21a?). 


10 
10. 


8. Mass of half the spheroid = japa?b* 


Je hte 


ANS WERS. 


CHAPTER II. 


279 


PAGE L7, 
1. 3(64- a). De te 9; & 
2 
2. Jy Grell 10. as Ee (sin b—sin a). 
Lie 2) 
3. z L T= 1 
n+1 
4, log,3. a &. 
Sez 4 
PAGE 23. 

2 100 1000 1001 3 8 8 
ea Cae = eS 2 By? By, 
9? ™ “> 300’ T000’ 1001 SGC BF ite 8 

—10 100 PoP 1 
gd me pas 4. 2 a, 32° 
10’ 100° 98 ee 
ax? b zw le 
CS (+b —= —. 
v eo 9 #9 
6. Been ea Pa eae 
Se pe Og) OS 
Pace 25. 
1 auc? ah *" eet ry Feeds 
De ese eae RE tea 
2. alog x, eo aloga+a, log(a+~). 
1 1 1 1 
3. «—alog(a+z2), —z log(a— ba), . FC 


atx“ 2x 
log — = log(a? — a7), a 
PaGE 26. 
(f+ay" . (ax®+ba+eyr*? 
ie te log(e*+ a), ae 
-2 eee a 
2. log(e*—e-*), log tana, Praeger 


3. log tan~'z, log sin, log(log 2). 
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Paae 28. 


aoe | 1 1 a 
1, log(#+1), log. p gloga®+1), glog(a8+1), 5 lost +a”). 


Wi Gye Be b* Cai 
eae rs aAxL : 
log?’ 4 = log 3’ = log b - log ¢ 
. ] 4 n+1 
sqeo Se Gia jane log tan x, log sin #—cosec x. 
2 4 n+1 


. 1 ca x 
Sesine a, =tane: ec! 


5? 8 . 
3 3 2 2 


3 


1 5 10 1 sin”, 
Pe Oe ID y 
7. $(tan-1z)?, 4(sin-1v)?, $(sec—*x)* 


10 


6. vers—'22, ec a2—2 tan a 


ice) 


ae log(a*+e*), log(log sin x), log(see='z). 
e 


CHAPTER ITI. 
PaGeE 32. 
1. sine”, sinz”, sin(log 7). 
OMetanweceombalmrdes 
3. asin w+! tant, —acose*+b log cosh 2. 


4. 1 ere 1 ais 


tans (3 Se 8. sina /a. 
9. Oto 3 seal! 
. 9 : 1 
i So = 7, tan /a, 9) se@ex/2: 
ASR : 2 
Page 41. 
an 1— 


2 
° Re ° is D . 
1. sin—z, cosh, sinh—z, +4sin~1z, 


2 


aNnxz—1 ie an +a? : 
— —teosh-, ~~ SU +4 sinh~z. 


ol 
V3 
(x +1 yw + 2x 

MY, 


2. cosh“(v+1), sin7? , sinh-(@—1), 


—tcosh(v+1), sin ae 


SS 


— 


bo 
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ey rs {27 paling 
. —V1—2?, vx?=1, 3 sinrtg OVE a ne ae —+sinh-!z. 
ee 1), ior 1)? +3a(a?+1)? +4sinh—z, V2? +1+sinhz, 


(+a) = 


n+2 
+2743) 7. 


“7 : 2 
. £sin-v-QW/1 eae 1-2, § sinh-e + 2/1 4.2? 4+- dan 142%, 


13 sinh7! = ee kQmn + 5)\Va?+a+1. 


eae | +cosh—z, sin-lw— Whe x, 
4 sin —4(24+2)V1—2?, 4 cosh 


= +2tS ema 


. + log tan z, a log tan ee 4 log en 


t log tan(7 4.2), 1 log tan se. 


wel b 
log t (Z+7), rere, log t ie ete clr 
+ an 3's Jaik og tan. at 9 an = 


log(log x), log{log(log x)}, log[log{log(log ~)}], @”*"(a). 


CHAPTER IV. 
Pace 47. 
. (@—1)e, (2? -244+2)e", (a? — 327+ 6x —6)e*, 
w sinh #—coshw, (2+.?)sinh v — 2a cosh #. 


xsin2«x , cos2xr 
a ae a: 


35[32(sin 84749 sin x) + cos 3.7 +27 cos 2’). 


. “2sinag+cosxz, (#2—2)sin # + 2% cos x, 


0 4H sin 2x7 4 008 20 
4 4 8 

. Asin 2 — 2x cos 27), 
lfsin22, sin4de7 sin6x/_ Aes 24 , cos 4x” cos =) 


4 aoe AiG 36 2 4 6 


ee a? grt ae antl = 
y log si og : 
oe log( : cae og( — j(log 2)? - =e = oar 
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5. ; gt sinee —tan-'2), gine — tan~14). 


7 
: Le D(a2 + n2y® sin (ne - tan ay for the values of 2, 
a 


ptq-% GtP—p, TP -G, Pde 


. wsinte+NV1—a2, }(2e?-1)sin-w+ ee — x’, 


S sine +5 ae ae - 41 - — 22) 


Page 51. 


(at — 4234120? 247424), (22 +6x)sinh x — 3(x?+ 2)cosh a, 


(a +2027 + 120x)cosh « — 5(v* + 1227 + 24)sinh «. 


. (2—x*)cosv+2r sina, (62 --x°)cos x + (Bx? —6)sin a, 


4 
= “31 (2- So ) sin 2x7 + eee —7 Joos 22°}. 


4{2(2x? — 3x)sin 2x — (2a* — 6x? +. 3)cos 2x}. 
— 207? +1207, —5r*+60r?—240, 265e—720. 


PAGE 52: 


. (a) (m+ 1) Fe"®eos(O —cot—m), where #=sin 6, 


(bd) 1(Gsin 6+ cos g—2sin =a) where w=sin 6. 


3 oe 
(c) # tane+log cos a. (= lane —2 a 
(a) x tan-'w—4 log(1 +27). (f) x2 secx — cosh. 


» (a) e—N1—2?sin— 2, 


(b) Osee 6+cos a —sin @—log tan( 94 ei where w=sin 0. 


(c) (a+2)tan-!, /= —V am. 
a 


2 
(d) “on o—pcosd), where 7=2a cos 4 


Sp tall) 


ANSWERS. 283 


- m tan — 1a 
3. (a) | vues te (gy ae) ee 
l+m Ji+22 


0 er(Lrglgate( ttt) tn 
(b) =e "Wat Ts i O—tane- ye where tan 0=2£ 


ene ee cos( 8 tan i =) dk J cos( 30- tan t= 2 5) | 
Jm?+1 Mt m2+9 


where tan 0=.2. 


1 
2 
(0) 7 


4, (a) @sin a. 
(b) sole -1)- mY x cos(2H7 — tan-12) — cos(2u —2 tan2)} 


© (a sin bx sinh ax — b cos bx cosh aa) 
a? +b? 


(d) ae “e“sin(bx — p) — e sin(bx — 2) — See sin (be +) 


oe sin(br + 24), where 7 and ¢ are as in Art. 53. 
Pe 
(e) 2 P sin 24 — Q cos 2x), where 
Wie Qe 2 
iS cos — =z 008 2h +3 cos 3¢, 
WED ig DN ae 
2a sin @——; sin 2b ia: = sin 3¢, 


and = 7?=4+(log2)*? and tan oF 


ee 
(f) 4 Fa (08( blogz — tan ), 
a 
ee : gi 
5. # sin—tx log * +1 — a log = = t leg eee ee 
"1401-2? l+a 
7. —cot @ log(cos 0 +4/cos 26) — o-oo, 


8. sin 7 cos 6 log(1 + tau 0) — = log sin( O + 7). 
9. (a) tan’. (b) —e%cot 


is wet * e*sin (2a — tan~12) +5 2/5 “ecos(Qu — tan-2). 
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CHAPTER V. 


Pace 58. 


fesell 
1. dS log(2? +20+3)-—+_ tan eaBEE 
2 g( ; NZ V2 


2. log(w + 1)+ eal 


. $ log(a?+4a +5) —tan-(v+2). 
—log(3—~2). 

. 2-2 log(x? + 2u+2)+3 tan-(a~+1). 

. 22-3 log(a?+6a+10)+11 tan-(v+3) 


aap w 


PAGE 62. 


- o(@— a)" i gat 1)? 
ieee) ea. Sy (ii.) log 


(iii.) 2 — 


@ log(# + a)+ a8 log(v+b) 
a—b ° ce : 


x —1 


(iv.) log (vi.) 4 log #(w?— 3). 


7) slog Ue a) ee 
(v.) 5 log Gxt ( ) 2G Ha 


Cie ter ane) lence ja eee 


py px (OG = DG) oy ge 
eee (a — bya — %) aes 


& Le F log@= 2) +3)?" 


(fer) 
eat ae 
2, (i) - 216 
(SS pea 
oD 1 (1 1 1 1 1 “+l 
= ee 4 1 ‘ 
OOS Gs (gai 8 GI eGo sal 


sue py wl sii 2, 
~ log eat: 
(iil) 5 =i 5 o+2 92-1 


ee a). 


a ee fe ao 


ee eT 
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oa ot tba ee eke le & 
(iv.) - 1 +5 log a CO) oe ao ae 
(vi.) eet loe(7 bye! log(v—e) 
G=aXb—e) @ (cate) 
2a—b—e¢ 1 1 
= loo a - 
(a—b)*a—e)? Ee, (a—b)a—c) x-a 
: 1 xz 1 x 
3. ; a me 
(i.) APP) tan Mare By ae 


ii (a?— 2X? —c") ay (a2 —d?(b?—d*) 
ae. od? — ¢”) os oe | ee 7 


AAG = 1 oes é 3 L 
i.) tan oe ———— tana2a7 x/2. iv. tan-1( 3 a). 
it) 2 v ee, a5 2 1—# 


1 Beane! 1 40 /3 
(iii.) he oe 5 (v.) PE tan a 
= are al! a? —an+a? 
t u x - . oe 
= l= oS 24 1°83 24 ant g® 
fee UN oie aa 
(vii.) ae 1a NS — J 3 tan - an 
ai ibe @ apaNort De pee 
4NQ ~ w®-2N241 2N2 1-2? 
1 i 2% -+- 1 
D: Ep oe Sieh Se 
2 Ge ay yee NE} 
_9)2 
(ii.) ae au |VP+1). (itt) 4 ee — 7 tan, 
(iv.) 2—2loga-t Zlog(a-1) + flog(#+1) + zlog(a?+1)—3 tana. 


(v.) —log(#+1)+4log(2? +1). (vi.) slog = eT tan. 
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1 _2e¢+1 
(vit) teen a Log(a? i w+ l= ws tan Cfo —. 
(viii.) Ho ee ae tan 
(ix.) dlog(w+1) — 4 log(a?+1)+4 tan-'z. 
<3) 2 +20°+15 5a + Jo og(a —4) A log(«?+1)+5- tanielas 
6. (i ) J log(w — 2)— > — Zlog(a®— 20+4) — 23 vq tan 
(it) Ztog(t +2)Diog +204 408)—1 14 2 tan ott 
ac 18 16 9 ee! 24 at 
(iii.) # + 5 log(a 1) + gq log(2?+ 4) — = Roar tan os 


(iv) Ie, Coe 
A eel 


1 eM the ald 
eal 
CI NT eat ecmeas 
x eel il eee 
(vi.) log ; Cpa ly 


(vii.) slog Lae) 


° (1+ 223) 
(viti,) 7 tog = ee see 
ee 
(x.) slog st57 i rota ae 
1. a] § ov? +1)|, Lg ea? -1)|, 
8, ee 9. log 4. 


PP eT ee eee Te a ee ee ee 
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CHAPTER VL 


Pace 68. 
bt eens E ! sinh 122+) 
J2 /2 J5 
ei ee ed iy te Ee 
al Z 3) Me 5 


. (B<ae), [ e+ OW olen? + 2be-Fa) + (ae - B2)sinh-1 228 
2c? © 


ac— b? 
(> sae = AKG +d (ca? + 2ba +a) — (b? — ac)cosh-2 2? a S 
2e7 JD? ac- 
2 FY Ge = b Wa + 2bxv —cx*)+(b?+ ac)sin 1 S09 : 
Qe? b+ ae 
PacE 69. 
. Na? + Qv +3. 4. 29% —1+43 cosh-lw. 
Na+ a? Ay: We ae+14+2sinh-122 
. Na? + a2 +b sinh”, 6. wha + 4 ~sinh-%, 
a ee 
7. (a — Me aa Qun-+3, 
8. 4x? 420-43)? —(a+1 Wa? + 2243 42sinh- ae aa§ 
2 
Page 74. 
Ce os 3 
5 - ee, — : cos a+ 3 cos34 or —cos#+ a sh 
see —2sin2r7+3.2), 
SOS Br 5 
U ( _ COS 5a, 5 COS Bx 100s.” Fa Cee cos’4 _ cos’a 
we 5 3 3 5 
il = 6c 3sin4e/ , 15sin2x ) 
~ - -- 10x 
25\ 6 Chia: ; 
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1 (cos7a#__ 7 cos 5x 
98 i 5 


+17 cos 3x#— 35 cos a} 


dias hel cad ie 


or —cos #+cos*x -2 cos’ +3 cos’a, 
(—1)"fsinQne ony sin(2n—2)r , omysin(2n—4)v_ } 
ils Cee jing ne ee | 
1 On In —2 In —4 if | 
‘ 
(ee a —eose tle ong cos(2n—-1)a_ 2nt1C), cos(27—-3 ay 2 
Dee 2Qn+1 2n-1 2n-3 y 
: a7 ~ 
Se Sey ee + "Os ee s 


2. ksin’v—tsindx, +sint4x—4 ae —cos*x +4 cos®x, 
15{8”—sin 4v+1 sin 82}, 


at 
12 
shy {6x+sin 2v—2 sin 4v—43sin 6x +} sin 8x + 7h sin 102}. 
n3 


3. ktan’xv, —4cot®v, tanv—cotw, 1(tan®x—cot®r)+3(tanx—cotz). 
4 Tn2 43 loa 444 
8’ 60/2) = 102 
5. —4 cos‘, ae 
: ; 1 
-— ——~ cos(n — 2). 
5 COS ee — 1G} oe s(n+2)a — GES s(2 —2)a 
5 
Pace 83. 
i ae 
1 a 
2. log tan — («+ tan12). 
1) ee rT 5 ; 


+ >? 
3. (i) [26+ b log(a cos 6+b sin 6)]/(a? + b2). 
(ii.) [(ae+ be) + (be — ae)log(c sin 6+ ¢ cos 6)]/(c? +e”). 


4, Gla — B)*. 


Gi.) —— ee cot( w+ tan-2), 
a 


. il 
5. (i) —— tm'(__4 tan ‘} 
an a2 — b? Nat—b? 
(ii.) Stan ie tan’), (iii) cosh 11 +¢os a cos 
3 2 sin COS a+ COS & 
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— _13 cos(a# — tan-13) —/10 
3—/10 cos(w—tan-!3) 


(v.) xe Catie —— FR tan(3 -7). 


(vi.) 5, tan-1(¢ tan 0). 


= -11 +¢o0s a cos x 
COS a+COS 2 


(iv.) cos 


(vil.) “cos a+ sin a cos 


Gam cis) {(a— aye —(“- by}. 


op a) 
(ii) Ff ate=b b)-Vb(a-a)- Vab( tan 23 tonrta/2)). 
(iii.) Maa +b— Valent y_Vab—ab’ 

aed Ja—a' 


Sy ees Na-a! Nt Oe GAM ee Va-a Nao +0) |. 
Va'b — ab’ Ja’b—ab! 


if a>qa and ab><ab’, with analogous forms for other cases 


hs 3 tan~'(T tan’) 2 tanh- 1(2tan$), 
2 68 2) 


68 2, 
1 sin 7(1+cos x) 
eig e (1+2 cosa)? ” 
20, cos@+sin@ 1 
9, sin log he 26. 
2 “cos@—sin@ 2 eg Hee 20 
10. cosh az tans. 1l. —2V1—sinz. 


12, -2V1—sing — VB log tan(“ +7). 


13. Le 1l+sinz 1 1 
4 l—sing | 21+sing 


14. ice L— oos-| 4/252 @ cos x |. 


18, 
15. 7. ae og 


tan 0— ./3 
tan 6+ /3 
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lat 3 
16. log log tan w. 19, — =, sinh-1(4) A 
na? Lh 
17. —cosh-(cos 6+sin @). 90, pe ee 


cosa+a sina 


Mi. = f,{log(a+b cos x) +}. 


2s cosee™t( 2 cost), 


733% cos + 2/3 tanh | V3 tang { cane *) ba 


24. cosec—(1+sin 26). 25. sec—*(cos 0 +sec 6). 
26. 2 tan~'e—log(1+ 2). 

+ sin 6 

~ , where 9=tan-!z. 


Jgtsind 


1 T 1 /3 +tana« 
he, = 5 lo tan ee =), log ¥2 
2 2/3 /3—tan L 


27 —sin 6 _ 


oe Oa 35 ie 


1 i 
liggl=sing__1 ee 
8 °l+snaz 4,/2 ea. 
CHAPTER VII. 
Pace 94, 
gintl it gmt 
ies (loge a) {a =e \, 
e a ( ce m+1/? m+l1 (log «) ; os +Gaye 
ot F 6) 
CN AgeaXt low ics oe 
el (log #3 — (log a)? + Ae ane log a nai 
cpa hi me eae 


aes 5 

L—Aa)N 2ar—2? a £ 
I=! es += vers-@ 
2 2 } 

a 


_ 


> 


=e 


ge 


ANSWERS. 291 


3 
Be eNe 
and —— +a), 


a(2ax— ay? 


L=- +2aly 


ee ee, 


Between limits 0 and 2a, 


3 
L= I,=8rat, [,= ra’. 


PaaE 95. 


; | sin? cos9 d= = sin?+?6 cos?6 dé, 


pti te 
and similarly for 2, 3, 4, 5. 


hee : 
| sints dx= —°* — z45(¢ = and similarly for 


/ sin®z dz, ete. 


7 sn—1 ee. 
/ cos”x dg ORS heh | cos”—*4 da. 
: sin’z cos*¢ , 1 sine cos*z , 1 ( “2, sin zs) } 
1) ee = =ete. 
(i) 60g Pea = a ts 
sin’x 5 res ; 
(ii.) 3(~—sinvcos#). (iii.) tan #—2cotx—} cotrx. 
COs & 
Pace 102. 
n 3x Sdn 128 Br 8 8 I 
"A 16 256" 315 * “99 693’ 693’ 60 
. dsin®9, Lsin’6— Jy sind, 4 sin®6—} sin” 6+ 7), sin”6, 


— cos?9+2 cos°O — 3 cos’O+ 4 cos*6, 
Be sao astoa 08 $ sin 40+ 4}; sin 86). 
128-71/2 3r-8 3r+4 289 6 F 2 br 
1680 ’ 32’ 192’ 4480 58497 192) 
EI.C. T2 


292 INTEGRAL CALCULUS 


Page 104. 


2. If Zn, denote the given integral, 


x" 1 2 ayer 
Ib = i. cc a oe: ss Weep Ny 


m+n+l m+tn+l1 
4x” Saye 
Tee Se oe gee 
7 =(14+2)" 33-73 111 13-11.9 


6. With a similar notation, 


n pt+3 
ie _@"(a+bz) an 
(4) In» (ptnt+3)b  (ptn+3)b 
BANG? a2)? t? (2n —1)a? 


Ln, p =~ -= ae 
(8) In » Qnt+2Qp+2  I2n+2+Z”™%” 


Vb set 


(y) Ghar igt ee ee —(m—2)a3 Ins, ne 
(a +.03)3~" 


(8) mIn=2"—(a3 — 1)° +(m —2)Lm—s 


eo (e+ Sst a) 


acosa+nsina n(n-1 
hy LCOS? oon 5 ( see 
ar+n e+n 


bX 
i pee [ cost acosa+4sinex 
+4 ( ) 


+ eae a(acos7+2sinxv)+2.1. aa) 
8. J,= —2"cos 7+na"— sin w — n(n —1)Iy->. 
La “sin™-ly & sinv—necos 7, n(n— 1)7 
n nWe+ a ne +a g * 2-2) 
hx aeinticle @ sin 7 sin ax@+n cos x cos ax n(n — uy, 
i n® — a Fa hn 
2 ———— BT 
WD, Ui Onl Tea 
ma »” ito, rs uae 
eee m m(m—1) 
38m 38m(Bm — ay* be 2)(3m — ras 
m(m—1)... = mine — pe 1 (1- ne mY 
3m(3m-2).. +2) 3m(3m-2)...(m+2) m 2 
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2 sinh “* 
20. (m even) m{m —1Xm—2Xm—3)...2.1 sinh > 
(n? + min? + (m —2P}...(r2 +22) 
2 cosh “ 
m(m—1)(m—2\(m—3)...8.2 5 


(m odd) 


(n? + m?)in? + (m—2)?}. BEB?) wel? 


23, T,—9 neler 


n—-1 
28. (n D)lin. n= oa = pt (m+ 1)tin, a 
29. amIn+(2m—1)bIp1t+(m—1)elm»=2" ax + 2be +e. 
n—l 
31. (a) I,=1,-.— Sb a 


Ik 
(8) Deduce from 25. 


Gi = _(n—2)a cos #+sin £ n—27 
Yn —1)(n—2)sin” a a1 


CHAPTER VIII. 


Page 115. 

F tog ZEI-1 es V2+2-V3 
Var+14+1 % © Vat 2408 nore 
2/¢+24+—= lo Va+2—-N3 Zi = 1) 42V3 tan-Y2—! L 
i E aeia la 3 2 

9. — cosech—"z, =—geinh" > sinh tet smb, 

Vita $3 — sinh-2 7 ag come. 

op tog tt etd tan a 


Qn/2 a—N2¢+1 V2 
1 Ge ctN2Xe41)+2 1 4. -W2(e+1) 
W2 -2—-NUar+1)+2 V2 le 
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L joo @+2-V2(@+1) 
= Oe 
V2 aac: 


wi i v+24+N2@41), 1 4 aN2(e+]), 
a +a °C 42-NXeHI) NO a 
Page 117. 
1 eee 
2 2 1 
Ik, @ Seo wes ae oe 
Ora? pare bes sige VR @ a 
"a/b? — © P+ B+ Nb? — a 
I oe ony Peel th eee, [PRU oxo 
2. ———sinh- Peat 3. aoe Fora, Sas 


5. If a, b, ¢ are in ascending order of magnitude 
i cost Be aN pa e 
(b2 — a2)2(e2 — B22 a? Va? +2an+b” 


with modifications for other cases. 


4 [472-2741 : Aa? — 27 +1 
7. 42 cosh- Be Te ihe a ee 
et WE 3 5a? + 8a Te ae 5a2+ 8x 
Page 120. 


T 
COS % — COS — 


ig RE log ————_—_. 2. 2(sin + cos a). 
v cos 7+ cos - 


3. sin 27+4 sin # cos a+.x(4 cosa — 1). 
4. Prove (n being a positive integer) 


r=n-1 
cos nx — cos na sin na 
——_______= 2 coseca >) sinracos(n—r)a+~— 
cos v— cosa 1 


sina 
Then 


COS 24 — COS Na, Q *=2=l gin ra, sin na, 
s df —— —— sin(z —1r)¢+2——. 
cos 7 — cos a sna <4 n-r sina 
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tan” — cot @ 
2 


5. 2sinv+2 sin a log(sinv—sin a)+2 sina log . 
tan 2 — tan % 
2 2 


Zz, Cosa L+ Oo x 
log cot + log( tan 2 +4 ; tan 5"). 


* sin’a, 2 sin2a, 
Pace 129. 
1) (@) 2 tana) /a: (iii.) oo cosh 
/2 @ 
os —— : 5 l1 l-2z 
ii.) 2 tanA/1+2z. zy pease ape 
(ii.) L (iv.) — sin 8 lke 


22+ 1 ht 1 l=«# 


.) Va 1-3} sinh-} pre 
(v.) Va?+a+ sin RE = 8 eer 


(vi) ment (viii.) 2 cosee( Ve+ 2). 
ae 2 ay ia? 3 
(vii.) ie sinh (2) 


_ (a2 +B)? — at — 94 
(6? — a?) + at — b* 


2) a sin 


(Gab) Iba asst, 
1 1, [e+e b Oh LRA 
ae t ee a ash 
if Vs an a cosh aN aa 
with a eee real form if a< ¢ 
1 Jacos?6+b sin?0+¢ 
111.) ——= COS Ng 
oe) Wate al sin 
2) N(cos a — cos nee a — COS y) 
2 1 1 


_1C08 7+C08 a cosa—cos B cos a—cos y 
1 
cos a—cos B cos a—cos y 


for the case cosa>cos 8 or cosy with modifications for 
other cases, 


x cosh 
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(i.) — z 
NV sin(a— B)sin(a — y) 
ae 1 
tan #—cot a’ cot a—cot cot a—cot y 
x cosh7} 7 7 a 
cot B—cota cot y—cota 
Bd leg (Ge) (ii) 2. Gin) ab hE 
ae ce He 

os Gy) 5 "78 (ii.) 4 log 2. (iii. ) i 

i nn—1 
13. (n>1) End) ane 
14. (i) log.2—1. Gy ze (iii.) 0. 

2 . Tv ss T 
ia (5) SPR (ii.) z 
27. (i.) log.2. (ii.) a (iii.) ee (iv.) [aha ¢ 
29. 267, 80. 673 

CHAPTER IX. 
Page 141. 
1. a(B- 
Te) a0,2 6. (iii.) “0 Ji+@ +sinh- al. 
Sal 5) bs 
Gi.) (12 ay! LS (iv.) 2a( cos Ce cos a), 
m 2 2 
poe Aa 

Tilaeo ees 1 Sina 

1. 3 . 


Page 151. 


at /3 cosh~ 162 — Ta 49 4a — 3a 
a 


a-zX x) 


2. 8a. 3. The Cycloid. 


Page 167. 


2 
1. 37a?. Be tan w+i tan*y). 
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. J/1+3c0s?6 | V3 144143 .c089-+4/3 cos 0 2 
cos @ 2 © J1+3cos?0—/3 cos 6], 
2 23 2 23 
: 3] (wai +yo8)' - ab +a?) 15, 5a. 
CHAPTER X. 
Page 158. 
4a? 
aay. 
. (a) c’sinh s (d) 4(e”-1). 
b 
(b) e&-1. (e) log” ba. 
a 
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( ra Ne b sin — (f) Blog -. 
: nee 4, a B= e+absin3$). 
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Pace 160. 
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4, A PLBo— Wa) + sin Bry ya)eos B+ Va)} 


5, A*B any, — 6B), ; 
4 


Pace 178. 
4a? 37a? 
L. 3&2 2. 5. (w —2)a’. 7. ae. 
Lberab r(s+1)r(§) 
. 3 oe TO : iii. b 
9. Gi.) 22rab. (ii.) oe (iii.) 2ma ahaa 


m being supposed odd. 
10. ao( ME 14 Ne) and (= —1+ Se 


11. a2 log(V2+1)-14V29]. 14. 2'(32+24V8 -3n). 
12, 4c%/2 sin- oe 17. 35202,/2. 
3 3a? 
13. (V3 eee) If Meee Yeap 
o*( 2 +3 FQ g? 


22. a CO Abe — 1)? +.2b(4brret™ — 7 4.1)0 
+ 872b%e™ — Aqrhel?™ 4 e80T _ 1 ae 


27 2 2 2 
oR 7-1). 24. ” even, See odd 
16\ 6 2 4 
2442 2 2 
Bg oes 30, 27a 3008s 
12 4 4 
28. 7(02+2), 32. at(1-), 40. ma(a—b). 
29. (107 +94/3). 34. aX(r+2). 41. a? 42. ra%/2. 
‘ 2? — b2m? an ab 
ae = 
2m n3 bm o 2m?n? 


Lee Tra /2 
y Gi ) gi4 * 
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CHAPTER XI. 
Page 187. 
. dra’. 3. ra{3V2 —log(W/2+1)}, ae 
Page 191. 
Qa". Do: Arar /2, ma3,/2. 


. If the sides be a, 6, c; s the semiperimeter ; and h,, hy, hz the 
distances of the midpoints from the given line, 


surface =27(ah,+bh.+chs), 
volume = = (hy +hy+hsws(s— a)(s — b)(s—c). 


Pace 198. - 

-lf «a=rad. of base, 5. Qra?(log.2 — 2). 
h=altitude, 6. Surface =427a?, 
?=slant height, volume =7a?. 

surface =7ral, 8. $77a?, 
volume=47a7h. 10. y7r7a?. 

3 

. Srrab?. 12. oes : 


CHAPTER XII. 


Page 201. 
2 
2h), Mass =, Gi) 2=7= a2, (iii.) My (M=mass.) 
. Qqt+2yptaq+2 
i) M=_" ‘ 
0) AS GRP FEF) 
Gi) 7 es a lak gag t! | 2p+qt3, 
2p+q+5 g+2 Qp+q+4” 


a q+1 %?w+qt3 
(iii.) a ae nee 
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3. % of length of rod from end of zero density, 


2 a 2 
If w=length, 20", Ma! Ma 


PO Oe unos 
= 4g = San me Eo 5 
4,¢= hie osraac 3 Ma? 
Paa= 207. 


1. Let 20 be the angle, a the radius, the median the initial line, 


a gone’, (8) 8 oe 


(a) = 


2. £= 20, da, about tang., Perrine. 


raw, (n+4)(n+6) ” 
about FEAR. ete, a(n+2)(n +3) 
(n+4)'(n+6) 
Abe NP vip % mo IEG aye _ Mol3— MzCy 
e My — Mz eats Mz— Mz” 


Mom. In. about x-axis = M{(q +95)? +(q3+91)?+ (G1 + 92)t/12. 
about y-axis=IM{(p,+ ps)?-+(p3+p,)? + (pi + p2)t/12. 


6. Area = (27 +3,/3)a?/6, 
ze 3an/3 
2(3V/3 — 3) 
Mom. In. =2/@ , 9V3 a 
3/3-—7 
9a 9 44 - 
7 (% %), @ Waar (a 2x2 


8. (1) U7, (ay yp 16a? 
8 R Tv 
Bul) moma S 


2 
(2) (a) 5a’, (d) at( 22 -2), (c) Tara 


© Os Ow 


10. 


Ge 
3. rd=a +0. 
n+2 
4, day=y' +0. ll. ane 
5, we Votan y+. pa Seen: 
xesmy 2x 
6, yer = Wat C. ee der te 
‘ wlogz 2x? 
2 2% ae 
8. aby? + am +S Oe ™, 14, e-@-h#= 14 OelV2, 
pee te 15. 114068, 
ay 2x” hi ai 
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CHAPTER XIII. 
Page 215. 


Py? 


et 
ia pee C 


. Qeytut+yt+Cetyt+)=1. 

. log V1+y2=log #+tan—w+ C. 
. 8% —e) =H +0. 

. (1) -y= Cee. (3) (C—-6)=a. 
(4) r=a0+C. 


(2) y2=2ar+C. 
a [P= : 
+V a -¥ 


“r= a? —y+e log @ 
2 "a 


Page 219. 


eye a — cuea lei 


. wtanz—log secr=y tan y—log secy+C, 


f y=a when #=0. 


2. (a? +b*)y=a sin ba — b tos ba + Ce-™., 


(2) =, eat? oe 
ay > aa i 


1 


1 ¥,(n—1)0 
= Cea, 
qr-t 
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Gf 
18. (1) —=5 +0. 
(2) (a2+6?)e”=asin bx —b cos ba + Ce-™. 
(3) siny/(1+2)=e+C. 
(4) fy) + $a) +1= Cer, 


CHAPTER XIV. 
Page 223. 


1 loo 22+1=-5 
2/5 °Qv+1+/5 


1. S$ log(v?+v—1)+ +log x= C, where v=y/a. 


i 9 120+1-—V73 
2. 4 log(6v?+ v—3)+——lo —“+log #=C, 
3 lost OTB Tepes 
where v=y/x. 
ou ery) 
a“ |» 
4, The p-eliminant of y=2(p+ p?%), 
1 
and wa, ew 
P 


5. The p-eliminant of y=2(Ap?+ Bp+C), and 
log #{Ap?+(B-1)p+C} 


1 We een) ae ee tani -=const. 
V440—(B-1)* /44C0—(B-1) 


Pace 226. 


1. (y¥-2P=Cly +2). 2. (y-—xPp=Cy+r—-2). 
peP log (41 v3) ip los( +148) +og(e-1)=6. 
4. (a+ b)jlog(y—#+1)+(a—b)log(y+a—-1)=C. 
. £-ytlog(a+y)=C. 
. 6y —34=log(87+3y+2)4+C. 
. 3407+ 4ay + 38y? — 10x — 10v¥+C=0. 
. a+y—4 logQe+3y+7)=C. 


onwra o 
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Page 230. 
1. y?+1=Ce™. 3. y+3(a+x)* -2a(a+2)=C. 
2 2y 
2. y= FZ tloge+C. 4. w(a+2a)= Cee, 


2 
5. 4axr=y? + 3ay— = log(2y+a)+C. 


6. cos (AaG—oFy\ 4» 


7. 2=$Ap?+2Bp+C, 8. y=3A9g?+2Bq4+C, 
y= Ap?+ Bp? a= Ag+ Bq’. 
Pace 232. 


1. y=Ca+O%, 2?+4y=0. 

2. y=Ca+O%, 27y?+427=0. 

3. y=C2+C%, ny” +(n—-1)""14"=0. 
4 


2 2 
. y=C2+-N@PC+b, 247 =1. 


a? 


or 


. y=(4—a)C— C2, («-afP=4y. 
. (y= CaXC-1)=0, Jetiy=1. 


for) 


Pace 233. 


l. y=p'atp, a ee eke 
_logp—p+C INEPT ay 


~ (p= 
2. y=apr+p?, 
Tee + Opi-4, 


1 
pru=(n—1)+ Ae Ver. 


6. y=2pxtp”, 
px meas pret +A. 
N 


1—2a 
oF y=p'x +p, +1 
ap—-1lP=—p+Ep?+C.J 7. y=apxt bp’, 
= 2 1 a =— 8b = A 
4. y=(ptp a xp Basa toe 
1 
pa =1+ Ae?. 8. A rectangular hyperbola. 
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14. 


bo 


we 


a 


bo 


9. Parabolae touching the axes. 
10. Hyperbolae. 
11. A four-cusped hypocycloid wit yf Sma. 
12. 8y=(2%—-1)*. 
13. y= Ae +e(1 +A)? 


3 sin? — 1 
de cos’@ 
3c sin 0 
=] 
qe ae. cos?@ 


p=Ox? — reat a series of conics touching the four straight 


AC 
lines c£V — Ay= +B, the singular solution. 


CHAPTER XV. 


PaGE 238. 
dy 
y=xlogz+Axt+B. 6. a+b le aw ar 
y=acosh(2 40), 7. ytb= [Na™4y- 44 ¢ da. 
2 

dy => —alog #+b. 8. Zu [Q+S)e? 2dax+b. 
_(#@+3a) ast tale 
Ue +6. 9. y=b tan 2 

. (¢-—AlP+y—BY=a?. 10. dq ving yy sin-ly =0. 


ll. y= Ba? — Ax log x. 


PaaE 242. 


vy=e+ Ax+ Bat. 
. (v?+sin x)y=cos 7+ Axv?+ Ba+C. 
. (a) #y4— 3a%4y 4+ bay, +(x —6)y=e+ A. 


(b) 2y3-yot2ae+ A. 


(c) xy, —4aty,+ 16x%y3— 48.077, + 962y, 
— 96y + 3(a?+y")=a(log x-1)+A, 
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CHAPTER XVI. 


Page 251. 
In the results of the following set all capitals denote arbitrary 
constants :— 
1. y= Ae + Be. 3. y= Ae*+ Be + Ce, 
2. y= Ae + Be*™* + Ce?. 4. y=(A+ Buje + Ce-™. 
5. y=Ae*+Be ” 3 sin Bt Oe 40 moe 


6. y= Ae + Be-*+ Csinx+D cosa. 

7. y=(A+ Boje +(C+ Dat Ex’Je*. 

8 y=Asing+Bcosxt+ Ce Fsin Dee De *cos ee 

9. y=(A+ Bo)sin 2+ (C+ Dax)cos 2+(B+ Fare*. 
10. y=(4+ Be + Coz*)sin 2+(D+ Ex + Fx*)cos x 

+(G+ Hx)e* sin ae +(+ Jaye *cos a 

ll. y=(A+ Bot Ca’)e*+De*+( E+ Fa)e~*sin 7 +(G + Hx)e-“cos x. 
12. y=(4+ Be)sin av + (C+ De)cos ax+ E sin ba + F' cos bar 


+Ge 2sin = v3 + He Zeus NS 


+ Tetsin @ = + Jétco5 a3 
Page 254. 
He On ae onaay @) 720 it so 


PaGcE 256 (First Set). 


en 


—éesinz, «elo e 
60” Bee a) 


306 INTEGRAL CALCULUS. 


Paag 256 (Second Set). 


1. e*(a? + b?) | 5 cos (be- tan”), 5 =F i cos(2a— tan~*2), 


7 a 3 sin(« — m\ ss sin(ae— tan3)}, 


4(sin x cosh w— cos x sinh 2). 
2. —$sin2x, $cosx, — 7 sin 22. 


Pace 258. 


,4a(a? — 1)sin av +(at—6a?+1)cos a 
aa? +1) 
—2 cos x cosh 2. 


e(sin v—cosx), é 


Pace 260. 
3 7 2 x 
eo ek og Oe 


Ld 
g 
& 


wt DB 7) (= -*) ae 
(F is 108)" \a ey) as 


1 eee sin z+ cos 7) - <1 (2 + 2 cose (« + )sin a}. 
2 10 5 5 


w 


Pag# 263. 
(1) SS. Oe 
(2) = 2a (6) Glcosh a +cos x). 
3) F cosh.o. Ge Zs) 
(3) = cosh x (7) 2a? —64)\ a a5 2b 
4) ¢ -2), ® in » sin®™. 
(4) a ; (8) g sin # sin ; 


2. (1) y= Aye? + A,e-* + e™. 
(2) y=A,e* + A,e-* + $e sinh x. 
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(3) y=A,sin x + A,cos w+he* +2" SIN | 8 _ Gy 
+-— (sin £—2 COs £). 
(4) y= (Ait Aare + Ae + Aye sin 29? 


+ A,e ®cos = cS + (208 — 92°), 


(5) y=4,+ Ayrt+ Agx?+ Aye + Age~*— =, 


(6) y=Aye* + Age?tv3=4 A se +943. 


(7) y=Aye*+ Ane * ¥sin 29 he + Ase — 
+3{(a- a L-£ sin L}. 
(8) y= Ae + Age-? — FA(ow +2)cos 7+(5x—14)sin x}. 


(9) y=A,e + Age” —} cos x cosh x 


F ¥ an 
+2sin v sinh + 


log(ae)log( 2) 
(10) y=(A,+ Agr) +(Ag+ Ayx)sin 4 +(A,+ Agx)cos x 
+4- dyotsin c+ +20+2. 


Pace 265. 
1. y=A,sin(g log 7) + A,cos(q log x). 
2. y= A,sin(q log x)+ A,cos(q log x)+ Use 2 - a 
*sin(log v) — 2 Parc 2) sig a cos(q log ”) 


pe 
gt+4 2q 


3. i= + A.V asin ge log v) + ees log « ) +5 +loge. 


4. y= AL + Age + Ago log c+ WEY +e. 


5. y= A,sin {¢ log(a + be) + Ayeos 4 log(a+ ba). 
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CHAPTER XVII. 


Pace 269. 
1. 24? +y?=6, 3. r=be~9 tana, 4, 2? =1 eos 6. 
Pace 276. 
1. Put y=a2; y®=x3-2x? +274 Cue-*. 
2. Put tany=z; tany=Acosv+Bsine+z. 
. Put e=es y= bry + Dia+baym— 2 4_ abbr 
3. Put a+bz y=O(a+br)y™ + Dat bz) Bot i B+ Aby 


where m,, m, are the roots of the equation 
b?m?+(4b—b?)m+ B=0. 
. Put z=tane; y=(Avt+ ByV1 +2. 
. Put z=sin“x ; y=A sin(n sin-z) + B cos(n sin-z). 
Put = @=n; (@-e@+let=A. 
. Put sinw=§, siny=n; (siny—sina+1e™*=A. 
. (a) y=Ae*+ Be*sin 37+ Ce*cos 3x. 
(0) y=(4+ Baje-* +2 cos7+3 sina. 
(c) y= Ax'sin(log x) + BxFcos(log x). 
9. y+ 2=A sin 37+ B cos 32+ C sin 47+ D cos 4x, 
32= —6(A sin 37+ Bcos 3xv)+(Csin 47+ D cos 42). 
10. y= Ae, ll. y=ko? + Av+B. 
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